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ABSTRACT
The “force-free” magnetosphere of a Kerr black-hole in the axisymmetric steady-state
possesses two integral functions of the stream-function Ψ; the field-line angular-velocity
(FLAV) ΩF(Ψ), and the current-function I(Ψ). For the zero-angular-momentum-
observer’s FLAV, i.e., ΩFω ≡ ΩF−ω, the iso-rotation law breaks down; ΩFω vanishes at
the null-surface SN with ω = ΩF, where ω is the frame-dragging angular-velocity, and
this gives rise to a subsequent breakdown of the force-free and freezing-in conditions at
SN, and the particle-velocity and the electric-current must vanish at SN. These impose
strong constraints on a possible gap to be constructed at SN between the force-free
domains, Dout and Din. Current circuits, Cout and Cin, must be closed in each domain,
with EMFs Eout and Ein, respectively, oppositely directed at the inductive membrane
SN and with resistances I(out) and I(in) at the resistive membranes Sff∞ and SffH. The
resultant voltage-drop ∆V = Eout−Ein ∝ ΩH at SN will lead to a steady pair-production
discharge, to widen the null-surface SN to a Gap GN with a finite width. The particles
pair-produced in GN must be “zero-angular-momentum-particles”, which will be dense
enough to pin down the poloidal field-lines Bp threading GN, to ensure magnetisa-
tion of GN. The zero-angular-momentum-state of GN makes it possible in Din that
the outgoing-flux I(in) of positive-angular-momentum from the hole is equivalent to the
ingoing-flux I(in) of negative-angular-momentum from GN, i.e., I(in)(Ψ) = −I(in)(Ψ). The
angular-momentum-conservation across GN imposes I(out) + I(in) = I(out) − I(in) = 0 as the
“boundary condition” to determine ΩF ≈ 0.5ΩH in terms of the hole’s angular-velocity
ΩH. A twin-pulsar model is proposed.
Key words: acceleration of particles – magnetic fields – methods: analytical – stars:
black holes
1 INTRODUCTION
1.1 A brief review
(i) As is well known by the Penrose process, the Kerr
black hole(BH)’s rotational energy is reducible (and hence
extractable) in principle, making use of such a property as
presence of negative-energy orbits in the ergosphere (Penrose
1969; Misner et al. 1973), although this mechanical process
so far is not regarded as viable enough to fuel astrophysical
phenomena such as high-energy gamma-ray jets. It is then
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the course of nature that a notice of an electrodynamic mech-
anism analogous to that in pulsar electrodynamics (Goldre-
ich & Julian 1969) was taken, because the presence of the
magnetic field is known to be very effective to transfer an-
gular momentum and energy from rapidly rotating objects
like a neutron star (NS). A magnetised NS is thought to
genetically anchor an active magnetosphere as its alter ego,
and fixing the field line angular velocity (FLAV) ΩF = ΩNS
by the “boundary condition”. This means that a unipolar
induction battery (Landau et al. 1984) be at work on the
stellar surface driving electric currents through the pulsar
magnetosphere with the outgoing Poynting flux.
Subsequent to the Penrose process is the Blandford-
Znajek (BZ) process, i.e., an electromagnetic process of ex-
tracting energy from Kerr BHs, which has been taken to
be promising and efficient so far, and the efficiency is given
© 2019 The Authors
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by  = ΩF/ΩH (BZ77; Znajek 1978; Blandford 1979), where
ΩH is the hole’s angular velocity. BH electrodynamics was
then formulated in the form of the 3 + 1 formalism by Mac-
donald & Thorne (MT82), and Thorne, Price & Macdonald
(TPM86) proposed“The Membrane Paradigm,”in which the
“horizon battery” was explicitly regarded as existent in the
hole’s “surface of no return.” Phinney (1983a,b) was the first
whom had tried to develop a comprehensive model for “BH-
driven hydromagnetic flows” or jets for AGNs, referring to
the pulsar wind theory (O78; KFO83). It was thought since
then that a “magnetised” Kerr BH would possess not only a
battery but an internal resistance ZH on the horizon, as seen
in “a little table on BH circuit theory for engineers” [Fig. 3
in Phinney (1983a)]. The image in the 1980s looks like the
magnetosphere consisting of double wind structures with a
single circuit with a battery on the horizon (referred to as
the single-pulsar model in the following; see section 3).
(ii) The BZ process and the Membrane Paradigm have
invited serious critiques of causality violation [see e.g. Pun-
sly & Coroniti (1990); Blandford (2002)]. The presence of
the causality question and related confusion since the 1980s
has been bottlenecking sound progress of BH electrodynam-
ics. The shortest way of breaking through the confusion and
stagnation is to find out the truly viable process of causal
extraction of energy from a Kerr BH. Conversely, the finding
of the true way must bring about automatically a wiping-out
of the question. To do so, it is helpful to detect any prob-
lematic cause in this formidable question steadily; It seems
indeed that a simple identity ΩF = (ΩF−ω)+ω is behind the
onset of the question of causality on the BZ process, which
describes the behaviour of the hole as “a battery with an
emf” (O15a).
We at first trace the question to its origins. There seem
to be two causes inextricably linked; one is in the pulsar-
electrodynamics side, and the other is in the general-
relativistic side. It can be pointed out in the former that the
role of ΩF as the FLAV seems to have been well-explored,
whereas that of ΩF as the potential gradient has unfortu-
nately not, so that in the latter, the frame-dragging angular
velocity (FDAV) ω could not accomplish a smooth coupling
with ΩF in the BH’s unipolar induction. Also, a Kerr BH
is not an electrodynamic object like a magnetised NS, but
basically a thermodynamic object, obeying the four laws of
thermodynamics (TPM86; OK90; OK91; KO91). The elec-
trodynamic process for the extraction of energy therefore is
governed by the first law, c2dM = TdS+ΩHdJ and the second
law, dS ≥ 0 (O12a; O15a).
(iii) It was already pointed out that the BZ process is
“incomplete and additional physics is needed” (Punsly &
Coroniti 1990). It seemed to become soon obvious that what
was lacking is the frame-dragging effect (see section 3). The
“dragging of inertial frames” was indeed mentioned in BZ77
and by Phinney (1983a), and was actually perfectly incor-
porated into BH electrodynamics in MT82.
The “additional physics” is really what was brought about
by the frame-dragging effect, which bridges the event horizon
between (BH) thermodynamics (see section 2.1) and (pulsar)
electrodynamics (see section 2.2), and the resulting physics
is the “gravito-thermo-electrodynamics” unified by coupling
the FDAV ω with the FLAV ΩF. The remaining task is how
to elucidate where and how the coupling gives rise to the
breakdown of the force-free and freezing-in conditions (see
section 6).
1.2 A brief overview of this paper
Our aim of this paper is to break through rather a long-
term standstill and to open up a road to sound progress
in this field. By getting rid of problematic portions so far
pointed out and incorporating new concepts, we modify the
BZ process and extend the Membrane Paradigm to construct
a power station at work as an “central engine” for various
high energy phenomena by making use of a Kerr BH’s spin-
down energy. The followings are the brief outline of the pa-
per:
• Section 2 briefly describes basic properties of BH ther-
modynamics and the force-free pulsar magnetosphere, in or-
der to unify them with the help of the frame-dragging effect,
and construct a sound model of BH force-free magnetosphere
without violating the principle of causality.
• Section 3: The BZ process may be referred to as the
single-pulsar model in circuit theory, in the sense that the
single battery in the horizon with an internal resistance in
addition to the external one feeds the two wind zones with
the pair-production discharge taking place between the two
light surfaces, under the condition of negligible violation of
the force-free condition. Important difficulties and contra-
dictions will be pointed out.
• Section 4: We introduce some Major Premises. One of
them is that the large-scale poloidal magnetic field Bp ex-
tends from near the horizon SH to the infinity surface S∞,
with the FLAV ΩF =constant (Ferraro’s law of iso-rotation).
We presume that magnetic field lines need not thread the
horizon, nor be anchored there. These Premises must be
justified on firm physical bases.
• Section 5: By removing any acausal or problematic
statement on the BZ process in (BZ77; MT82; TPM86),
we modify the BZ process with use of the 3 + 1 formula-
tion with the force-free and freezing-in conditions, where
the frame-dragging effect by ω plays an indispensable role.
We re-derive important quantities and relations and, apart
from ΩF, the force-free magnetosphere possesses another in-
tegral function of the stream function Ψ, the field angu-
lar momentum flux (or the current function) I(Ψ). Then
(Bp · ∇)ΩF = (Bp · ∇)I = 0 in the force-free domains. Phys-
ical quantities are measured by the ZAMOs (zero-angular-
momentum-observers) circulating with ω, and in particular,
the ZAMO FLAV is denoted by ΩFω = ΩF − ω. The point
is to “coordinatise” ω and ΩFω along each field line. Note
that ΩF keeps the iso-rotation law throughout the magneto-
sphere, while ΩFω does not. The violation of the iso-rotation
law by ΩFω leads to the breakdown of the force-free and
freezing-in conditions at the “null surface” SN (O92), where
ΩFω = I = 0 and the particle velocity v = 0. The inductive
membrane SN must be in-between the two, outer and inner
light surfaces, SoL and SiL, for the outflow and inflow, respec-
tively, and hence some pair-production mechanism must be
at work there. The breakdown of the two conditions imposes
strong constraints in building a reasonable Gap model.
• Section 7: We extend the Membrane Paradigm
(TPM86) from one membrane on the stretched horizon to
three membranes, namely, two resistive membranes on the
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horizon and infinity surfaces and one inductive membrane
on the null surface SN (or Gap GN). The force-free magne-
tosphere is edged with the resistive membranes of the sur-
face resistivity R = 4pi/c (Znajek 1978), where the Ohmic
dissipation of the surface currents implies an increase of the
hole’s entropy or particle acceleration, whereas the induc-
tive membrane SN divides the magnetosphere into the two
force-free domains and is installed with a pair of unipolar
induction batteries with EMFs Eout and Ein driving currents
along the circuits Cout and Cin in the force-free domains Dout
and Din.
• Section 8: One of the most important constraints in con-
structing the Gap model is I = 0 at SN, which specifies the
Gap structure. When we presume I = 0 in |ΩFω | <∼ ∆ω for
the Gap where ∆ω is the half-width of the Gap, the Gap will
be filled with ZAMPs pair-produced due to the voltage drop
∆V = Eout − Ein, the “zero-angular-momentum” state of the
Gap must be maintained for the angular momentum fluxes
to flow out both inwardly and outwardly from the Gap. It
is argued that the ingoing flow of negative angular momen-
tum is equivalent to the outgoing flow of positive angular
momentum in the inner domain Din, and this fact is helpful
for a smooth flow of angular momentum beyond the Gap
from the horizon SH to infinity surface S∞.
• Section 10: In the Pseudo-Flat space, it seems that
the outer domain Dout with ω = 0 and ΩFω = ΩF = ωN
behaves like a normal pulsar-type magnetosphere around
a hypothetical normal NS with ΩF by the boundary con-
dition and the inner domain Din behaves like an abnor-
mal pulsar magnetosphere around another hypothetical NS
spinning with −(ΩH − ΩF). The difference of spin rates is
[ΩFω]G = ΩF−[−(ΩH−ΩF)] = ΩH. This is the reason why we
insist that the BZ process describes the single-pulsar model,
whereas the modified BZ process describes the twin-pulsar
model. The null surface SN is a kind of rotational-tangential
discontinuity, although it is quite different from any of the
ordinary MHD discontinuities.
• Section 11: The last section is devoted to summary and
discussion, and conclusions with some remaining questions
listed.
2 BLACK HOLE THERMODYNAMICS AND
PULSAR ELECTRODYNAMICS
Before trying to unify BH thermodynamics and pulsar
electrodynamics into BH gravito-thermo-electrodynamics, it
will be helpful to briefly review important and dispensable
points in the followings.
2.1 Black hole thermodynamics
2.1.1 The hole’s thermo-rotational state
The no-hair theorem tells us that Kerr holes possess only
two hairs, e.g., the two “extensive” variables such as the en-
tropy S and the angular momentum J, and all other physical
quantities are expressed as functions of these two. For ex-
ample, the BH’s mass M = M(S, J) is expressed in terms of
S and J;
M =
√
(~cS/4pikG) + (pikcJ2/~GS).
Then, just as one can in principle utilise Kerr BHs as a
Carnot engine (KO91), they are regarded as basically a
“thermodynamic” object, but not as an electrodynamic one,
because the Kerr BH stores no extractable electromagnetic
energy. The rotational and evolutional state of Kerr BHs and
hence the extraction process are governed by the four laws
of thermodynamics (see e.g. III C3 TPM86 for a succinct
summary).
It is useful to define the ratio of a ≡ J/(Mc) to the
horizon radius rH,
h =
a
rH
=
2pikJ
~S
=
2GMΩH
c3
=
ΩHrSch
c
, (2.1)
to specify the evolutional state of the hole, where rSch is the
Schwarzschild radius with the mass M, and then 0 ≤ h ≤ 1,
with h = 0 for a Schwarzschild hole and h = 1 for an extreme-
Kerr hole (OK90; OK91; O92). The mass M is divided into
the irreducible and reducible masses, i.e.,
M = Mirr + Mred, (2.2a)
Mred = M[1 − 1/
√
1 + h2], (2.2b)
Mirr = M/
√
1 + h2 =
√
c4AH/16piG2 =
√
~cS/4pikG. (2.2c)
2.1.2 The four laws of thermodynamics
The zeroth law indicates that two “intensive” variables, TH
(the hole’s temperature) and ΩH, conjugate to S and J, re-
spectively, are constant on SH. The first law tells c2dM =
THdS+ΩHdJ, where TH = c2(∂M/∂S)J and ΩH = c2(∂M/∂J)S ,
and the electrodynamic process of extraction of energy from
the Kerr hole must strictly obey the first law (see III C3
in TPM86, Sec. 3 in O09; O12a). The loss rate of angu-
lar momentum and the resultant output power are given by
PJ = −dJ/dt and PE = −c2dM/dt = ΩHPJ −TH(dS/dt), where
t is the universal time in the 3+ 1 formalism (see section 5).
The second law dS ≥ 0 requires PE ≤ ΩHPJ and ΩH ≥ ΩF for
any plausible process of energy extraction (BZ77), and hence
there is no adiabatic process of extraction. When ΩF = ΩH,
PE = ΩHPJ = 0 from the “boundary condition” at the hori-
zon [see I(in)(Ψ) = 0 in equation (3.3) later]. Thus, the energy
gain must be followed by the energy loss, i.e., the efficiency of
extraction,  = ΩF/ΩH < 1 (BZ77). The third law indicates
that “by a finite number of operations one cannot reduce
the surface temperature to the absolute zero, i.e. h = 1.”
In turn, the finite processes of mass accretion with angular
momentum cannot accomplish the extreme Kerr state with
h = 1, TH = 0 and ΩH = c3/2GM (OK91). By the way, the
inner-horizon thermodynamics can formally be constructed
analogously to the outer-horizon thermodynamics (OK93).
The electrodynamic extraction of energy from a non-
magnetised Kerr BH is made causally possible, only if the
FDAV bridges the event horizon between thermodynamics
for the hole’s body and electrodynamics for the hole’s mag-
netosphere.
2.1.3 Thermodynamics of the stretched horizon
It will be helpful at first to reproduce general expressions
(3.99)∼(3.102) from TPM86 on thermodynamic processes
MNRAS 000, 1–?? (2019)
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taking place in the stretched horizon, that is,
TH
dSH
dt
=
∮
HSt
RH ®J2H dA =
∮
HSt
®EH · ®JH dA
=
1
4pi
∮
HSt
(− ®EH × ®BH ) · ®ndA, (2.3a)
dJ
dt
=
∮
HSt
(σH ®EH + ®JH × ®Bn) · ®ξdA (2.3b)
dM
dt
= TH
dSH
dt
+ΩH
dJ
dt
=
∮
HSt
[ ®EH · ®JH − ®βH · (σH ®EH + ®JH × ®Bn)]dA, (2.3c)
where ®βH = −ΩH ®ξ = −ΩH∂/∂φ.
Ohm’s law holds on the stretched horizon HSt (identical
to the force-free horizon surface SffH here), i.e., ®EH = RH ®JH
with the surface resistivity RH = 4pi/c = 377Ohm (equal
to RffH). Ohm’s and Ampere’s laws are equivalent to the
radiative condition, i.e. ®BH = ®EH × ®n. Thus the inflow of the
Poynting flux is equivalent to Joule heating, leading to the
hole’s entropy increase, i.e., dSH/dt > 0 in equation (2.3a).
Equation (2.3b) shows that the surface Lorenz force gives
rise to the change of the hole’s angular momentum, and
Equation (2.3c) shows that the change of the hole’s mass-
energy consists of the two terms from equations (2.3a) and
(2.3b) by the first law.
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The non-conserved energy fluxes related to the two
terms of the first law were originally given in Eqs (4.13)
and (5.7) in MT82, which in passing are reproduced here as
they are,
SE =
αc
4pi
(Ep × Bt) + ωSJ = I4pi
(
−Ep × m
$2
+
ω
αc
)
(2.4a)
= ΩFSJ = ΩF
( $
4pi
|Bt |
)
Bp = ΩF
(
I
2piαc
)
Bp. (2.4b)
If these expressions in (2.4) and (2.3) given in MT82;
TPM86 were utilised relevantly, they could have played an
important role in modifying the BZ process, and the dubbed
question of causality might not have taken place (see sec-
tions 5.7 and 7.2).
2.2 The basics of the force-free pulsar
magnetosphere
For a force-free pulsar magnetosphere filled with perfectly
conductive plasma, with Bp = −(t×∇Ψ/2pi$) for the poloidal
component of the magnetic field B, one has two integral func-
tions of Ψ, ΩF and I, from the induction equation and con-
servation of the field angular momentum by Bp ·∇($Bt) = 0,
respectively (see Table 1 and section 5): ΩF(Ψ) denotes the
FLAV in wind theory or the potential gradient in circuit
theory, and I(Ψ) denotes the angular momentum flux (mul-
tiplied −2/c) or the current function in wind or circuit the-
ory. The toroidal component is given by Bt = −(2I/$c), and
the electric field is given by Ep = −(ΩF/2pic)∇Ψ from the
induction equation with the freezing-in condition (Et ≡ 0 by
axisymmetry). Then the electromagnetic Poynting flux and
angular momentum flux become
SEM = ΩFSJ, SJ = I/(2pic)Bp, (2.5)
where the toroidal component of SEM (and other energy
fluxes) is omitted here and in the followings.
Contrary to a force-free BH magnetosphere, there is no
reason nor necessity for the force-free condition to break
down in a force-free pulsar magnetosphere, because one may
determine ΩF rather automatically by imposing the “bound-
ary condition” ΩF = ΩNS for field lines emanating from the
magnetised NS, where ΩNS is the surface angular velocity
of the star (essentially, we may suppose that the force-free
condition has already been broken down in the “matter-
dominated” interior with I = 0). On the other hand, in order
to determine the eigenfunction I(Ψ), one needs a kind of pro-
cess to terminate the force-free “field-dominated” domain by
restoring particle inertia so far neglected in the force-free
domain, which can be expressible by a few equivalent ways
(OS06). One of them is the “criticality” condition at the fast
magnetosonic surface SF (≈S∞) in wind theory, or the in-
finity resistive membrane Sff∞ with the surface resistivity
R = 4pi/c = 377 Ohm in circuit theory, containing a layer
from SF at ` = `F to S∞ at ` = `∞ where the transfer of field
energy to kinetic energy takes place in the form of the MHD
acceleration;
INS(Ψ) = 12ΩF(Bp$
2)ff∞ (2.6)
(O74), which is equivalent to the“radiative”condition and to
Ohm’s law for the surface current on the resistive membrane
Sff∞. Then, the toroidal field Bt is the swept-back component
of Bp due to the inertial loading (such as MHD acceleration)
at the terminating surface of the force-free domain at Sff∞
covering the force-free infinity surface. Then the behaviour
of I = I(`,Ψ) will be described as follows;
I(`,Ψ) =

0 ; ` <∼ `NS,
INS(Ψ) ; `NS <∼ ` <∼ `F,
→ 0 ; `F <∼ ` <∼ `∞
(2.7)
(see equation (8.3) and Figure 3 for a Kerr hole’s force-free
magnetosphere). We do not intend to take into account com-
plicated interactions of the force-free pulsar wind with the
interstellar media permeated by the general magnetic field
in this model, we assume that I(`,Ψ) tends to null for ` →∞
and also Bp → ∞. This presumes that all the Poynting en-
ergy eventually is transmited to the particle kinetic energy.
We consider that the force-free condition should break
down in the interior of the NS and hence I = 0, and there
will be a kind of inductive membrane as the boundary layer
on the NS crust, on which a unipolar induction battery is at
work. The force-free model presumes that a pulsar magneto-
sphere is anchored in a magnetised NS, which accommodates
the sources of the angular momentum flux SJ and the elec-
tromagnetic Poynting energy flux SEM, as well as the source
of charged particles of both signs (at least in principle) at
its surface. The force-free pulsar wind consists of charge-
separated plasma, e.g. electron or positron, and the particle
velocity is given by v = j/%e, which means that current-
field-streamlines in the force-free domain are equipotentials,
and jp = %evp = −(1/2pic)(dINS/Ψ)Bp. The current-closure
condition holds along each current line in circuit theory.
The wind theory and circuit theory must be complimen-
tary each other where ΩF and I hold two sides of the same
coin respectively (see Table 1, O15a); ΩF gives rise to the
magneto-centrifugal particle acceleration in the former and
to an emf due to the unipolar induction battery on the NS
surface in the latter, related to the source of the Poynting
flux at SNS, i.e.,
ENS = − 12pic
∫ Ψ2
Ψ1
ΩF(Ψ)dΨ, (2.8)
which drives currents along the current-field-streamline Ψ2
with jp > 0 and return currents along Ψ1 with jp < 0, where
Ψ0 < Ψ1 < Ψc < Ψ2 < Ψ¯ and jp
<=> 0 for Ψ <=> Ψc (see equation
(5.23) and Fig. 2), where Ψ¯ is the last limiting field line satis-
fying I(Ψ0) = I(Ψ¯) = 0 (see Figure 2 in OS06 for one example
of I(Ψ)). The surface return currents flows on the resistive
membrane Sff∞ from I(Ψ2) to I(Ψ1), and the Ohmic dissipa-
tion formally represents the MHD acceleration in Sff∞.
It thus turns out that the current function I(out) describ-
ing current flows in the force-free domain is given by equa-
tion (2.7) in the resistive membrane as the eigenfunction,
when the potential gradient ΩF is given as the boundary
condition by the EMF (2.8) due to the unipolar inductor on
the inductive membrane in the surface layer of the NS (see
section 7.4). In this circuit theory, the “massless” charges
flow out from one terminal of the EMF to the other on the
inductive membrane.
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Table 1. A brief summary of wind and circuit theories for a force-free pulsar magnetosphere with two eigenfunctions ΩF and I . Both
theories are connected by equation v = j/%e (See section 2.2).
Wind theory for vp Circuit theory for jp
Ψ stream function
Ψ =constant Field-streamlines Current-lines (leads)
I (Ψ) = −c$Bt/2 Angular momentum flux Current function
ΩF(Ψ) = −(vt − κBt)/$ = −2pic(dA0/dΨ)
(Ferraro’s law of iso-rotation) FLAV Electric potential gradient
Magnetic slingshot Unipolar induction
Magneto-centrifugal force Electromotive force
Inductive membrane at SNS “Boundary condition” for ΩF Sources of charged particles and currents
Resistive membrane Sff∞: The criticality condition Ohm’s law for surface currents
for I (Ψ) INS = 12ΩF(Bp$2)ff∞ Iff∞ = I12/2pi$
The surface current connecting the volume current lines, I (Ψ1) = I (Ψ2) ≡ I12, on the resistive membrane Sff∞ is denoted by Iff∞ (see
Figure 2). Force-free theory for a pulsar magnetosphere presumes in principle that necessary amount of particles is supplied from the
NS, but in case of shortage, pair-production due to vacuum breakdown is usually assumed to take place under negligible violation of the
force-free condition in the outer-gap model (Ruderman & Sutherland (1975); Beskin et al. (1992); et al.) (see section 7.1.1 and Table 2
for a Kerr BH magnetosphere). Wind theory yields the light surface SL at $L = c/ΩF, which is however not involved in determining the
eigenvalues for I (Ψ) nor ΩF(Ψ).
3 THE BZ PROCESS: THE SINGLE-PULSAR
MODEL
The Membrane Paradigm was criticised against the principle
of causality by Punsly & Coroniti (1990), who pointed out
that “the BZ process is incomplete and additional physics is
needed”. It is clarified here that the onset of the so-called
question of causality is capable of dating back to BZ77 and
Blandford (1979), and overlooking of breakdown of the force-
free and freezing-in conditions as well as the frame-dragging
effect in calculation of energy fluxes seems to have forced
the BZ process to rely on the non-relativistic pulsar model
with some modifications as seen in the following.
3.1 Energy and angular momentum fluxes and
their sources
All the expressions in BZ77 were physically and mathemat-
ically correctly calculated, including Eqs (4.3) and (4.4) for
the “conserved” energy and angular momentum fluxes, and
also Eq (3.14) for the fundamental differential equation for
Ψ (see section 3.5). This means that the frame-dragging ef-
fect was taken properly into account in derivation of these
quantities. It was however unfortunate that the expression
correctly derived for the relation between the two fluxes, i.e.,
SE = [ΩFI/2piαc]Bp = ΩFSJ (3.1)
[see equations (2.4b)] seemed to be exactly the same as that
for the relation for the force-free pulsar magnetosphere ex-
cept for the redshift factor α [see equation (2.5)]. Note here
that ΩF(Ψ) and I(Ψ) must be determined as the eigenvalue
problem due to the criticality-boundary condition (see Ta-
ble 1; O15a). Expression (3.1) does not retain ω explicitly,
because the frame-dragging effect is cancelled out rightly,
following a simple identity (ΩF − ω) + ω = ΩF [see equa-
tion (5.34) later], and hence the flux certainly seems to be
conserved along each field line. The total rates of electromag-
netic extraction of energy and angular momentum are from
equation (3.1),
PE = −c2 dMdt =
∮
αSE · dA = 1c
∫ Ψ¯
Ψ0
ΩF(Ψ)I(Ψ)dΨ, (3.2a)
PJ = − dJdt =
∮
αSJ · dA = 1c
∫ Ψ¯
Ψ0
I(Ψ)dΨ, (3.2b)
where PE and PJ are the total output energy and angular
momentum from the hole per universal time.
Note that the frame-dragging effect due to ω appar-
ently disappeared in the total conserved energy flux. And
yet there certainly seems to have been no sign of breakdown
of the force-free condition anywhere. There is indeed such
an important statement there that “the direction of energy
flow cannot reverse on any given field line unless the force-
free condition breaks down. Therefore, the natural radiation
condition at infinity requires energy to flow outwards on all
the field lines, ... A physical observer rotating at constant
radius close to the horizon will in general see a Poynting
flux of energy entering the hole, but he will also see a suffi-
ciently strong flux of angular momentum leaving the hole to
ensure Er (≡ SEr ) >∼ 0.” The later part of the statement sug-
gests actually that there must be two other non-conserved
energy fluxes resulting from the frame-dragging effect [see
equations (2.4a,b) and (5.34)]. Expression (3.2a) for PE has
usually used in the order-of-magnitude estimate of the ex-
tracted power by the BZ process, but actually the expression
itself contains almost no information on where and how the
hole’s spin-down energy is extracted and dissipated, that is,
the source and sink of energy.
It seems anyway that the conserved energy flux SE =
ΩFSJ was then interpreted as implying that there is no loca-
tion to determine ΩF except at the horizon, leading to the
idea that “energy and angular momentum from a rotating
hole can indeed be extracted by a mechanism directly anal-
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ogous to that of Goldreich & Julian (1969)”. That is, pul-
sar electrodynamics would be the case even for Kerr holes,
with some necessary modifications. This would mean that
the unipolar induction should be at work in the horizon, on
field lines threading (or emanating from) the horizon, just
like from a magnetised NS. This requires that the Kerr hole
as well would have to be magnetised [despite presuming pres-
ence of internal resistance (Blandford 1979)] and, the FLAV
ΩF would have to be provided by ΩF = ΩH (under the con-
dition for ΩF that there were perfectly conductive plasma
pinning down field lines), but if the related unipolar induc-
tion battery would possess internal resistance and Znajek’s
“boundary condition” should be applied, then I(in) = I(out)
(the impedance matching) would yield ΩF ≈ 0.5ΩH under
the condition of a battery at work in the horizon. However
the internal resistance will be incompatible with the defini-
tion of ΩF and hence a unipolar induction battery at work
under the perfect-conductivity condition will be incompati-
ble.
3.2 The “boundary condition”
The relevant “boundary condition” used to determine ΩF at
SH (Znajek 1977) is that Ψ is finite and
I(in)(Ψ) =
1
2
(ΩH −ΩF)(Bp$2)ffH, (3.3)
(see their Eq (3.15) in BZ77), which was regarded as indi-
cating that this, together with appropriate boundary con-
ditions at infinity, determines the angular velocity of field
lines crossing the horizon. For example, equation (3.3) for
I(in)(Ψ) combines with that in equation (2.7) or (7.1) for
the outgoing wind, to yield ΩF ≈ 0.5ΩH, i.e., the efficiency
 = ΩF/ΩH ≈ 0.5. It seems that this result for ΩF was inter-
preted as to be imposed at SH for field lines threading the
horizon by the “boundary condition”. This procedure is of-
ten thought of as an “impedance matching” (e.g., MT82). As
stated in Summary of BZ77,“when a rotating BH is threaded
by magnetic field lines supported by external currents flow-
ing in an equatorial disc, an electric potential difference will
be induced.”1 If this “electric potential difference induced”
means ΩF(Ψ) ≈ 0.5ΩH determined by the Znajek boundary
in (3.3), one may have obtained such an EMF due to a hori-
zon battery as in equation (2.8), apparently the same as the
NS-type unipolar inductor. However, one difference from the
magnetised NS with ΩF = ΩNS is that ΩF for a Kerr hole is
not ΩH, but 0.5ΩH. 2 If the pinning-down condition were
satisfied for field lines threading the horizon, then just like
1 It will be certain that “the information about the spin of the
hole is actually conveyed well beyond the horizon through the
background metric”, but it will be doubtful how the information
about the field lines and their angular velocity ΩF is conveyed to
outside the horizon. These three expressions (2.8), (3.1) and (3.3)
with ΩF ≈ 0.5ΩH, anyway seemed to support the BH single-pulsar
model with “a battery with an emf” in the hole’s horizon.
2 Actually the condition (3.3) should be interpreted as the ”crit-
icality condition” for the ingoing magnetocentrifugal wind at the
inner fast magnetosonic surface. It will be argued later that the
“boundary condition” I(in) = I(out) leading to ΩF ≈ 0.5ΩH should
be imposed at the place where ω = ΩF ≈ 0.5ΩH fairly above the
horizon (section 9; see O09; O12a).
ΩF = ΩNS for the pulsar, ΩF = ΩH must be the case, but
the second law of BH thermodynamics, dS > 0, indicates
ΩF < ΩH.
If the event horizon were magnetised in the same way
as the NS surface of which the “boundary condition” will
impose ΩF = ΩNS, then the boundary condition at the hori-
zon as well would impose ΩF = ΩH, i.e.,  = 1, whereas the
impedance matching is regarded as indicating ΩF ≈ (1/2)ΩH,
i.e.,  ≈ 0.5. This inconsistency comes from the presumption
of magnetised-ness of the horizon surface under the freezing-
in condition, in spite of assuming presence of internal resis-
tance. The no-hair theorem will allow none of other macro-
scopic information to escape from under the horizon except
the hole’s mass and angular momentum, and hence we will
be unable to get such non-quantum information as existence
of a battery (if any) in the horizon and even of threading
field lines (section 4).
What is implied by equation (3.3) is the force-free ver-
sion of the criticality condition for the ingoing wind to
pass through the fast magneto-sonic surface SiF (in reality,
I(in) = −I(in); see section 7.1.2), and also the Ohm’s law for
the surface current on the membrane SffH. Thus the Joule-
dissipation on SffH is not due to an internal resistance of the
battery in the horizon, but to an external resistance of one
of a pair of batteries in the Gap (see section 7.3).
3.3 The potential difference ΩF
It is usually not considered for Kerr holes by the no-hair
theorem that magnetic fluxes are conserved at birth through
the gravitational collapse, but it was nevertheless assumed
that the threading of field lines with the potential gradient
ΩF ≈ 0.5ΩH gives rise to a battery with an emf with internal
resistance on the horizon as well as astrophysical loads in
(BZ77; Blandford 1979; MT82; Phinney 1983a; TPM86).
Formally ΩF is defined by ΩF = −2pic(dA0/dΨ) using the
4-potential A = (A0, 0, 0,Ψ/2pi), but it is under the freezing-
in condition in the steady axisymmetric state with copious
plasma present that ΩF is given the physical meaning in
ideal MHD/electrodynamics (see table 1; section 5.4). Just
as ΩF = ΩNS for the field lines emanating from a magnetised
NS, if field lines threading the horizon were pinned down at
the perfectly conductive plasma (if any) under the horizon,
surely ΩF = ΩH by the “boundary condition” at the hori-
zon, and the Kerr hole could behave perfectly like a magne-
tised NS with a battery with an emf. There is a description
in MT82 that “However, magnetic field lines that thread
the hole must get their charges and currents in some other
manner. BZ77 argue that they come from the Ruderman-
Sutherland (1975) “spark-gap” process, a cascade produc-
tion of electron-positron pairs in the force-free region aˆA˘Tˇ a
production induced indirectly by a component of E along B,
which again is so weak as to constitute a negligible violation
of force-freeness and degeneracy”.
Also, the BZ process may certainly be similar to the
Penrose process, “if we think of it in terms of particles inside
the event horizon interacting with particles a long way away
from the hole through the agency of the magnetic field”,
but only if a spooky action at a distance could work well
across the horizon in the present classical case. The no-hair
theorem and the first law, c2dM = TdS +ΩHdJ, and the sec-
ond law will not presume in the steady state that magnetic
MNRAS 000, 1–?? (2019)
8 I. Okamoto and Y. Song
fluxes will survive to thread the event horizon and their ΩF
gives rise to a battery with an emf on the horizon in the
single-pulsar model, to drive currents throughout the whole
magnetosphere.
The dubbed no-hair theorem allows one to know only
two quantities about any Kerr BH, e.g. the total mass-energy
M and the angular momentum J, but no other information
unless any spooky action at a distance is always at work,
e.g. on whether the hole is threaded or not by magnetic field
lines supported by external currents flowing in an equato-
rial disc (BZ77) or anywhere else outside the horizon. Also,
even if an electric potential difference were induced in the
horizon, causality would not allow any of it to drive electric
current and maintain any magnetospheric activities outside.
The first law means that the source ΩH |dJ/dt | is divided
between the output power with c2 |dM/dt | = PE and the
hole’s entropy increase with TdS/dt. This division law in-
dicates ΩH = ΩF + (ΩH − ΩF) in the per unit-magnetic-flux
base [see equation (7.17) later]. The second law dS > 0 re-
quires ΩF < ΩH in Znajek’s “boundary condition” in (3.3)
(see Table 1).
3.4 Particle-current source
It was on the other hand thought that a pair-production dis-
charge mechanism had to be taken into account in between
the two light surfaces.3 There is a description in MT82 that
“... magnetic field lines that thread the hole must get their
charges and currents in some other manner. BZ77 argue that
they come from the Ruderman-Sutherland (1975) ‘spark-
gap’ process, a cascade production of electron-positron pairs
in the force-free region — a production induced indirectly
by a component of E along B, which again is so weak as to
constitute a negligible violation of force-freeness and degen-
eracy”.
When the presence of the inner light surface SiL is due
to the frame-dragging effect, the inner domain Din itself
with the ingoing flow will be created by the same effect,
as opposed to the outer domain Dout with the outer light
surface SoLfor the outgoing wind. It seems implausible how-
ever that if the vacuum were produced by inflow crossing
the horizon and outflow far outsides, and then broken down
as a result of the creation of sufficient electron-positron
pairs, the inflow-outflow system created by a negligibly small
value of E · B would have to keep such an high efficiency as
 = ΩF/ΩH ≈ 0.5 in the steady state. There will be sufficient
reason to believe that the position for pair-particle creation
to take place must be stationary and fixed. The inflow and
outflow must be driven separately, e.g., a kind of magneto-
centrifugal forces along with the Poynting fluxes in both
3 The footnote at p.443, BZ77 says that “The outer light surface
corresponds to the conventional pulsar light surface and physi-
cal particles must travel radially outwards beyond it. Within the
inner light surface, whose existence can be attributed to the drag-
ging of inertial frames and gravitational redshift, particles must
travel radially inwards.” The direction of particles’ poloidal veloc-
ity vp must be coincident to that of the poloidal component of the
Poynting flux SEM, and hence this means that the frame-dragging
effect must lead to breakdown of the force-free condition at such
a place that vp and SEM change sign, that is, SN at ω = ΩF (see
sections 6 and 8).
out- and in-ward directions (cf. O09; O12a; O15a; O15b; see
Table 2).
3.5 Field structure
When the poloidal component Bp is defined by
Bp = −(t × ∇Ψ/2pi$), (3.4)
the fundamental differential equation for the potential Aφ ≡
Ψ/2pi is given by equation (3.14) in BZ77, which is repro-
duced for Ψ in the 3+1 formalism from the“stream equation”
(6.4) in MT82, i.e.,
∇ ·
{
α
$2
[
1 − (ΩF − ω)
2$2
α2c2
]
∇Ψ
}
+
(ΩF − ω)
αc2
dΩF
dΨ
(∇Ψ)2 + 16pi
2
α$2c2
I
dI
dΨ
= 0, (3.5)
which properly contains the frame-dragging effect due to ω
as well as ΩF(Ψ) and I(Ψ). The related curvature radius Rcr
of each fieldlineis given by
|∇Ψ|
Rcr
= ∇2Ψ − ∇Ψ · ∇ ln$ |∇Ψ| (3.6)
(O99; O09). The exact solution of Ψ in the slow-rotation
limit of h ≡ a/rH  1 with a = J/Mc was given in equation
(6.7) in BZ77 for the split monopole field (see O09; O12a).
It seems that the solution does not show any peculiar be-
haviours near the vicinity of SN at ω = ΩF (see Figures 5
and 6 in O09, and section 6).
MT82 applied an action principle for the stream equa-
tion, claiming that“it elucidates the boundary condition [see
equation (3.3)] that one must pose on the stream function
Ψ, and furthermore shows that Ψ and the poloidal magnetic
field distribute themselves over the horizon in such a man-
ner as to extremise the horizon’s electromagnetic surface en-
ergy.” But if it were possible, the surface energy would have
to modify the first law. On the other hand, just as shown
in MT82, the asymptotic treatment of equation (3.5) leads
to the behaviour of the field tending to radial, coincident
with the “criticality condition” (3.3) [O92; see section 7.1.2].
This not only poses the inflow to smoothly pass through the
inner fast point (in wind theory), but also describes Ohm’s
law for the surface current to Joule-dissipate on the resistive
membrane (in circuit theory), leading to the hole’s entropy
increase as a cost of pumping the hole’s rotational energy
out of the deepest gravitational potential well.
4 THE MAJOR PREMISES AND
PROPOSITIONS
Our standpoint in this paper is as follows:
(i) Kerr holes are basically gravito-thermodynamic ob-
jects and are not electrodynamic objects like magnetised
NSs. They are strictly regulated by the no-hair theorem and
the four laws of thermodynamics, in particular, the first and
second laws, and hence we presume that every Kerr hole
is not allowed to become “magnetised” in the steady state.
This means that “the massive black hole cannot behave like
a battery with an emf....” [cf. Blandford (1979)]. Also, Kerr
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holes may be an acceptor of the Poynting flux of external
origin, but can never be an emitter of that of internal ori-
gin (Punsly & Coroniti 1990). So we can neither presume
that magnetic field lines supported by external currents in
an equatorial disc thread the event horizon, nor particles
inside the hole will interact with particles a long way away
from the hole through the agency of the magnetic field [cf.
BZ77].
(ii) The Kerr hole is not magnetised like an NS nor al-
lows field lines to be pinned down at the horizon, so that
the FLAV/potential gradient ΩF cannot be determined di-
rectly by the “boundary condition” at the horizon (cf. BZ77,
III D3 in TPM86). The hole’s magnetosphere is connected
with the hole’s body itself only by the help of the metric
function ω. Also, we do not presume that interstellar gen-
eral magnetic fields are involved in the extraction process
(cf. III D1, TPM86). By the no-hair theorem, no conser-
vation of magnetic fluxes at the birth of a hole will allow
existence of magnetic fluxes of internal origin, emanating to
the outside beyond the horizon, nor threading of field lines of
external origin with ΩF = constant, because the non-locality
of Ferraro’s law of iso-rotation does not extend beyond the
horizon. We presume that no“spooky action”will be at work
at a distance across SH, except for quantum entanglement.
(iii) We firstly assume the existence of the poloidal mag-
netic field Bp as constituting the backbone of a hole’s mag-
netosphere, which extends from the vicinity of the horizon
surface SH to near the infinity surface S∞, and secondly
the existence of perfectly conductive plasma around a Kerr
hole, which is permeated by the poloidal magnetic field Bp,
with the FLAV ΩF(Ψ). Ferraro’s law of iso-rotation holds
throughout the stationary, axisymmetric magnetosphere,
i.e., (Bp · ∇)ΩF = 0 (see section 5.4), where 0 < ΩF < ΩH
is assumed by the second law of thermodynamics (BZ77).
There will then be such a surface fairly above the horizon,
where the FDAV equals the FLAV, i.e. ω = ΩF(≡ ωN), re-
ferred to as the null surface SN (O92). It is in reality at
SN that the force-free and freezing-in conditions sponta-
neously break down (section 5), although each poloidal field
line defined by Ψ =constant is assumed to be robust and
continuous with ΩF =constant, all the way across SN from
SH to S∞. We measure physical quantities, referring to the
fiducial observers (FIDOs), or their namesake“zero-angular-
momentum observers” (ZAMOs) (MT82; TPM86), who are
circulating around the hole with ω. The ZAMO FLAV is
denoted with ΩFω = ΩF − ω [see equation (5.17c)].
(iv) The breakdown of the force-free and freezing-in con-
ditions provides strong Constraints (6.1) at SN as a guiding
principle for constructing the Gap model for the sources of
particles and currents as well as the boundary condition for
determination of eigenfunction ΩF. One of the Constraints
v = 0 indicates that the particles pair-created due to the volt-
age drop across the Gap must be “zero-angular-momentum
particles” (ZAMPs), and another I = 0 requires no transport
by the magnetic field with $Bt = 0, and the zero-angular-
momentum-state of the Gap ensures the equivalence of the
inflow of negative angular momentum with the outflow of
positive angular momentum in the inner domain Din with
ΩFω < 0. It is shown that the equivalence is indispensable for
continuity of the angular momentum flux beyond the Gap,
and hence even in determining the eigenfunction ΩF. We are
thus allowed to impose the “boundary condition” I(in) = I(out)
across SN, despite I = 0 due to breakdown of force-freeness
(see section 9). This will be a unique way to elucidate where
and how the dragging of field lines with ΩF = ωN due to
the hole’s rotation leads to the construction of a stable and
steady magnetised Gap allowing field lines pinned down at
ωN = ΩF (see section 8).
(v) In order to determine ΩF as the eigenvalue at SN
with ΩF = ωN, analogously to the pulsar case, there must
be plasma particles dense enough to ensure pinning-down
of field lines under SN with ω = ωN. These particles are
ZAMPs, because they circulate with ωN around the hole
and v = 0, thereby allowing the local plasma angular veloc-
ity (i.e., ωN) to be given to field lines pinned down there,
i.e., ΩF = ωN.
(vi) Inertial frames are inexorably dragged by a Kerr
hole’s rotation, and its angular velocity ω is uniquely given
by metrics as a function of the position in the Boyer-
Lindquist coordinates (r, θ, φ) or ($, φ, z). Then if one can
determine ΩF = ωN for field lines anchored there, this means
that ZAMPs anchoring field lines with ΩF = ωN are dragged
around by the hole’s rotation, and vice versa in the steady
state.
5 THE 3 + 1 FORMALISM FOR A MODIFIED
BZ PROCESS
We basically utilise the 3 + 1 absolute-space/universal-time
formulation with Boyer-Lindquist coordinates (MT82), be-
cause there seems to be no theory so far that has incor-
porated the frame-dragging effect on electrodynamics in a
systematic way. The ZAMOs circulating with the FDAV ω
play the leading role in overcoming the presence of the event
horizon, to make BH electrodynamics completely match BH
thermodynamics. The electromagnetic quantities, such as E,
B, %e, j are measured by the ZAMOs, and in particular, we
denote the ZAMO FLAV with ΩFω = ΩF − ω (see equation
(5.17c)).
5.1 3 + 1 formalism; αω mechanism
The absolute space around a Kerr BH with mass M and
angular momentum per unit mass a = J/Mc is described in
a Boyer-Lindquist coordinates:
ds2 = (ρ2/∆)dr2 + ρ2dθ2 +$2dφ2; (5.1a)
ρ2 ≡ r2 + a2 cos2 θ, ∆ ≡ r2 − 2GMr/c2 + a2, (5.1b)
Σ2 ≡ (r2 + a2)2 − a2∆ sin2 θ, $ = (Σ/ρ) sin θ (5.1c)
α = ρ∆1/2/Σ, ω = 2aGMr/cΣ2 (5.1d)
(see MT82; O92), where α is the lapse function/redshift
factor and ω is the ZAMO or FDAV. The parameters α and
ω are given as unique functions of $ and z in the Boyer-
Lindquist coordinates, and 0 ≤ α ≤ 1 and ΩH ≥ ω ≥ 0.
When we introduce curvilinear orthogonal coordinates (`,Ψ)
in the poloidal plane, where ` stands for the distances
measured along each field line Ψ =constant, then we ex-
press e.g. ω = ω(`,Ψ). Just as α was “coordinatised” in the
stretched horizon (MT82; TPM86), we coordinatise ω along
field lines in the whole magnetosphere (O15a). In this paper
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the ZAMO FLAV ΩFω ≡ ΩF − ω as well is “coordinatised”
(see e.g. Figure 1).
From a somewhat pedagogical point of view, we revisit
basic expressions for the poloidal and toroidal components
of B, E, the charge density %e, the particle velocity v and the
field line rotational velocity vF, and show basic properties of
a force-free magnetosphere in the steady axisymmetric state
(MT82; TM82; TPM86; O15a). For the electric field E in
curved spacetime we use Eq (2.24a) or (4.7) in MT82
E =
1
α
(
∇A0 + ωc ∇Aφ
)
, (5.2)
where A0 is a scalar potential and A = (0, 0, Aφ) is a vec-
tor potential, and Aφ = Ψ/2pi. This is the kick-off equation
to make the frame dragging couple with unipolar induc-
tion, eventually leading to establishment of gravito-thermo-
electrodynamics for a BH magnetosphere with a “zero-
angular-momentum-Gap” (ZAM-Gap) (see section 8).
We decompose the magnetic field B = ∇× A as follows;
Bp = −(t × ∇Ψ)/2pi$, (5.3a)
Bt = −2I/$αc, (5.3b)
where the “current function” is denoted with I = I(`,Ψ) =
I(ΩFω,Ψ) in general. When X = X(`,Ψ) satisfies equation
(Bp · ∇)X = Bp(∂/∂`)X = 0, it is said that X is conserved
along each field line, i.e., X = X(Ψ). For example, I = I(Ψ)
in the “force-free” domains.
From Eq (2.17c) in MT82 for j we have
j =
c
4piα
[
∇ × αB + 1
c
(E · ∇ω)m
]
(5.4)
where m = $ t is a Killing vector, and then for jp
jp =
t × ∇I
2pi$α
. (5.5)
Introducing the two orthogonal unit vectors p and n in the
poloidal plane, i.e., p = Bp/|Bp | and n = −∇Ψ/|∇Ψ|, and
n × p = t, we have
∇I =
(
∂I
∂`
)
p − 2pi$Bp
(
∂I
∂Ψ
)
n (5.6)
and hence, we express the electric current jp as follows;
jp = j‖ p + j⊥n,
j‖ = −
Bp
α
(
∂I
∂Ψ
)
, j⊥ = − 12piα
(
∂I
∂`
)
(5.7a)
(see O99). Also, for jt we have from equation (5.4)
jt =
$c
8pi2α
[
−∇ ·
(
α∇Ψ
$2
)
+
2pi
c
E · ∇ω
]
. (5.8)
When we use the circuit theory, we presume that each
current line given by I(`,Ψ) =constant must close starting
from one terminal of a unipolar induction battery, to return
to the other terminal in the steady state (the current-closure
condition).
We utilise both of the force-free and freezing-in condi-
tions in the “force-free” magnetosphere
%eE +
j
c
× B = 0, (5.9a)
E + v/c × B = 0, (5.9b)
E · B = j · E = v · E = 0. (5.9c)
The first condition (5.9a) regards the rest-mass energy
of particles as negligible compared with the field energy,
whereas in the second condition (5.9b) “force-free” magnetic
field lines are frozen in plasma and yet dragged around by
the motion v of “massless” particles. Combination of two op-
posite conditions (5.9a,b), force-freeness and freezing-inness,
then creates a kind of extreme physical state (O06), with the
fields degenerate (MT82), where current-field-streamlines
are equipotentials [see equation (5.22) later]. Condition
(5.9c) shows that no transfer of the field energy to the kinetic
energy of particles takes place in the force-free domains.
One of the main concerns to solve is where, how and
why the force-free condition breaks down and the force-free
domains terminate, to determine the two eigenfunctions ΩF
and I in the steady axisymmetric state (see sections 6, 7.1
and 9).
5.2 The velocity v of “massless” particles
Combining the two conditions (5.9a,b), one has
v = j/%e. (5.10)
When we denote the number densities of electrons and
positrons by n− and n+, the charge density is given by
%e = e(n+ − n−). Then equation (5.10) shows that the “force-
free” plasma must be charge-separated, i.e., %e = −en− or
+en+, and that the role of ‘massless’ or ‘inertia-free’ parti-
cles is just to carry charges, exerting no dynamical effect.
The “force-free” domains, where charges are carried by
“massless” charged particles, must be terminated by restora-
tion of particle inertia, for particles to accelerate and deter-
mine the function I, and this requires change of the volume
currents parallel to the poloidal field Bp to the surface cur-
rents perpendicular to Bp on the terminating surfaces of the
outer and inner force-free domains Sff∞ and SffH (see sec-
tions 7.1.1, 7.1.2). Also breakdown of the force-free condition
is inevitable somewhere fairly above the horizon (i.e., a null
surface (O92)) in the force-free magnetosphere (see section
6), because when vp > 0 far outside and vp < 0 near the hori-
zon and jp does not change direction [see equation (5.12)],
%e must certainly change sign at the place of the breakdown.
This implies that the breakdown of the force-free condition
must locate the sources of particles and currents. Both of
wind theory for the velocity v and circuit theory for the cur-
rent j are in a cooperative relationship, that is, both theories
must be consistent each other [see equations (5.18a)∼(5.18d)
for v, (5.12) and (5.20a,b) for j, and (5.17b) for %e] (see Ta-
ble 1).
5.3 The field angular momentum flux SJ
We verify the conservation of the field angular momentum.
An inner product of equation (5.9a) with m yields, using
equations (5.5) and (5.19),
0 = m ·
[
%eEp +
j
c
× B
]
=
$
c
( jp × Bp)t =
$
c
j⊥Bp
= −(Bp · ∇)I
2piαc
= − 1
α
∇ ·
(
IBp
2pic
)
= − 1
α
∇ · αSJ, (5.11a)
SJ =
IBp
2piαc
= −$Bt
4pi
Bp, (5.11b)
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which indicate that the field angular momentum −α$Bt =
(2/c)I(Ψ) is conserved along each field line (see section 4),
and SJ is the field angular momentum flux. From equations
(5.3a) and (5.5) one has j⊥ = 0 and then
jp = −
1
α
dI
dΨ
Bp. (5.12)
As m · ( jp × Bp) = 0 shows, it is exactly the “torque-free
condition” included in the force-free condition that leads
to (Bp · ∇)I = 0, i.e., I = I(Ψ). It turns out that I = I(Ψ)
expresses not only the “current function” but also the an-
gular momentum flux per unit magnetic flux tube in the
force-free domains. Then I(Ψ) as well as ΩF(Ψ) is two-sided
(see Table 1), and current lines are coincident with cor-
responding field-streamlines, as shown in equation (5.9c).
Note that the two-sidedness holds only in each force-free do-
main. The `- or ΩFω-dependence of I must be restored, i.e.,
I = I(`,Ψ) = I(ΩFω,Ψ), in the resistive and inductive mem-
branes (see section 7 and 8.1).
5.4 The potential gradients ΩF and ΩFω
Coupling of frame dragging with unipolar induction in BH
electrodynamics begins with equation (5.2). Inserting rela-
tions B = Bp + Bt t and v = vp + vt t into equation (5.9b)
yields
E = −v/c × B = −vp/c × Bp + tc × (vpBt − vtBp),
and by axial symmetry, Et = −vp/c × Bp = 0 and hence
vp = κBp (5.13)
where κ is a scalar function [see equation (5.18d)]. Then we
have
Ep = −(vt − κBt)2pi$c ∇Ψ. (5.14)
Equating two equations (5.2) and (5.14) for Ep yields
∇A0 = −K∇Ψ, K ≡ −α(vt − κBt) − ω$2pi$c , (5.15)
and taking curl of ∇A0 one has
0 = ∇ × ∇A0 = −∇ × (K∇Ψ) = −∇K × ∇Ψ = 2pi$(Bp · ∇K)t,
which indicates that K is a function of Ψ only, and hence
K = − dA0
dΨ
≡ ΩF(Ψ)
2pic
. (5.16)
From equations (5.14)∼(5.16) one has
Ep = − ΩFω2piαc∇Ψ =
ΩFω$
αc
Bpn, (5.17a)
%e = − 18pi2c∇ ·
(
ΩFω
α
∇Ψ
)
, (5.17b)
ΩFω ≡ ΩF − ω. (5.17c)
Note that it is the freezing-in condition that gives rise to
ΩF(Ψ) =constant along each field line.
The particle velocity v and the field line velocity vF are
summarised as follows;
v = κB + vF t, (5.18a)
vp = κBp, vt = κBt + vF, (5.18b)
vF = ΩFω$/α, (5.18c)
κ = − 1
%eα
dI
dΨ
. (5.18d)
Because vF stands for the physical velocity of field lines rel-
ative to the ZAMOs, Ep in (5.17a) seen by the ZAMO is
entirely induced by the motion of the magnetic field lines,
i.e., Ep = −(vF t/c) × Bp (MT82).
We decompose the Lorenz force (%eE+ j/c×B) as follows;
%eE +
1
c
j × B
=
1
c
[
− j⊥Bt p + j⊥Bp t +
(
j‖Bt − jtBp +
ΩFω$
α
Bp%e
)
n
]
(5.19)
(see O99). Thus the force- and torque-free conditions are
given simply by j⊥ ∝ −(∂I/∂`) = 0, i.e., I = I(Ψ) =constant
along each field line (see equations (5.11a) and (5.32a)). The
n-component yields
jt = %evt = (ΩFω$/α)%e + (1/α2$c)(dI2/dΨ), (5.20a)
= −ΩFω$
8pi2αc
∇ ·
(
ΩFω
α
∇Ψ
)
+
1
$α2c
dI2
dΨ
, (5.20b)
which accord with the result from jt = %evt in equation
(5.10), utilizing %e in (5.17b), vt in (5.18b) and vF in (5.18c).
By equations (5.8) and (5.17a) we have also
jt = − $c8pi2α
[
∇ ·
(
α
$2
∇Ψ
)
+
ΩFω
αc2
(∇Ψ · ∇)ω
]
(5.21)
[see Eqs (2.17c), (5.6b) in MT82]. Equating two expressions
(5.20b) and (5.21) for jt leads to the stream equation (3.5).
Putting relations among v, j and B together from equa-
tions (5.10), (5.12) and (5.20a), one has
v =
j
%e
= − 1
%eα
dI
dΨ
B +
ΩFω$
α
t, (5.22)
which indicates that current-field-streamlines are equipoten-
tials in the force-free domains [see equation (5.9c)].
Note that ω and ΩF are the angular velocities of the
ZAMOs and the magnetic field lines relative to absolute
space, and hence ΩFω in equation (5.17c) denotes the an-
gular velocity of field lines relative to the ZAMOs. This
ZAMO angular velocity ΩFω is no longer constant along
field lines, and we defined the null surface SN where ΩFω
vanishes, i.e., ω = ΩF, which divides the force-free magne-
tosphere into two domains; one is the outer semi-classical
domain Dout (ΩFω > 0) and the other is the inner general-
relativistic domain Din (ΩFω < 0); the flow in the former
is an outgoing magneto-centrifugal wind crossing the outer
light surface SoL, whereas the flow in the latter is an ingo-
ing magneto-centrifugal wind crossing the inner light surface
SiL (O92). The differential rotation of ΩFω means that the
ZAMOs see “violation” of the iso-rotation law, and it turns
out, in particular, that ΩFω = 0 at SN leads to breakdown of
the force-free and freezing-in conditions at SN, to locate the
particle and current sources there (see section 6). Despite
differential rotation of ΩFω , ΩF =constant is still kept, and
hence each field-streamline Ψ =constant keeps an equipo-
tential, and thereby we are allowed to make use of ΩFω as a
coordinate along each field line (see Figure 1).
In passing, we clarify an important constraint imposed
by the “current closure condition” in the steady axisymmet-
ric state, that is, no net gain nor loss of charges over any
closed surface threaded by current lines in the force-free do-
mains. For a closed surface from the first open field line
Ψ = Ψ0 to the last open field lineΨ = Ψ¯ in the poloidal
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plane, one has∮
α j · dA ∝ I(Ψ¯) − I(Ψ0) = 0, I(Ψ¯) = I(Ψ0) = 0, (5.23)
when there is no line current at Ψ = Ψ0, or = Ψ¯. This requires
that function I(Ψ) has at least one extremum at Ψ = Ψc
where (dI/dΨ)c = 0 [see Fig. 2 in (OS06) for one example of
I(Ψ)], and hence jp = %evp <=> 0 for Ψ <=> Ψc (see Figure 2),
where Ψ0 < Ψ1 < Ψc < Ψ2 < Ψ¯.
5.5 Two light surfaces, SoL and SiL
The physical velocity of field lines vF tends to ±∞ for $ →∞
toward S∞ and for α→ 0 toward SH, after passing the outer
and inner light surfaces, SoL and SiL, which are given by
vF = ΩFω$/α = ±c;
(ΩFω)oL = +c(α/$)oL, (ΩFω)iL = −c(α/$)iL (5.24)
(see Figure 1), and their positions are given by solving
ωoL = ωN − c(α/$)oL, ωiL = ωN + c(α/$)iL, (5.25)
and hence
ωiL > ωN = ΩF > ωoL. (5.26)
It will be obvious that the null surface SN with vF =
ΩFω = 0 must be in-between the two light surfaces, i.e.
SiL< SN <SoL, indicating that the particle sources of two
magneto-centrifugal winds passing through SoL and SiL, re-
spectively, must be coexistent under the null surface or the
Gap (BZ77; Znajek 1977).
The surfaces SoL and SiL are in a sense a vestige in the
force-free limit of the intermediate magnetosonic surface in
the pulsar magnetosphere, and we can derive the expressions
of %e and jt similarly to the pulsar case (O74; O78; KFO83).
We rewrite %e from equation (5.17b) as follows;
%e = − 18pi2c
[
$vF
α
∇ ·
(
α
$2
∇Ψ
)
+
α
$2
∇Ψ · ∇
($vF
α
)]
(5.27)
Eliminating factor ∇ · (α∇Ψ/$2) between equations (5.27)
and (5.21), we have
%e− vF
c2
jt =
1
8pi2αc
·
[
v2F
c2
∇Ψ · ∇ω − α
2
$2
∇Ψ · ∇
(
$2vF
α
)]
(5.28)
Then solving %e and jt from two equations (5.28) and (5.20a)
yields
c%e =
1(
1 − v
2
F
c2
) [ vF
α2$c2
dI2
dΨ
+
1
8pi2α
(
v2F
c2
(∇Ψ · ∇ω) − α
2
$2
∇Ψ · ∇
($vF
α
))]
(5.29)
and
jt =
1(
1 − v
2
F
c2
) [ 1
α2$c
dI2
dΨ
+
vF
8pi2αc
(
v2F
c2
(∇Ψ · ∇ω) − α
2
$2
∇Ψ · ∇
($vF
α
))]
(5.30)
(see Eqs (29) and (30) in O09), which reduce to Eqs (45) and
(46) in O74 for a pulsar force-free magnetosphere with α = 1
and ω = 0. For both %e and jt not to diverge at SoL/SiLwith
vF = ±c, the numerators should vanish, i.e.,
vF
α2$c2
dI2
dΨ
+
1
8pi2α
(
v2F
c2
(∇Ψ · ∇ω) − α
2
$2
∇Ψ · ∇
($vF
α
))
=
vF
α2$c2
dI2
dΨ
+ +
αB2p
2
(
$2
α2
∂ω
∂Ψ
− ∂
∂Ψ
($vF
α
))
= 0.(5.31)
which will automatically be satisfied, when the eigenvalues
I(out), I(in) and ΩF are determined by the criticality-boundary
condition (see section 9). This is because the“criticality con-
dition” (5.31) does not participate in determination of the
eigenfunctions. When ΩF(Ψ) is obtained, we will be aware of
not only ωN = ΩF, but also ωoL and ωiL in equation (5.25).
5.6 The “conserved” energy flux SE
Multiplying equation (5.11a,b) with ΩF, one has
0 = ΩFm ·
[
%eEp +
j
c
× B
]
= −ΩF
α
∇ · αSJ = − 1
α
∇ · αΩFSJ,(5.32a)
SE =
ΩFI
2piαc
Bp = ΩFSJ.(5.32b)
Both the angular momentum and energy fluxes, αSJ and
αSE, seem to have the same form as those for the pulsar
force-free magnetosphere, and yet do not show any sign of
changing direction anywhere from SH to S∞, as emphasised
in BZ77. This might seem to be puzzling, because there
seems to be no indication of breakdown of the force-free
condition anywhere in the hole’s force-free magnetosphere
(see sections 2.2 and 3.1).
Exactly speaking, SE is not the Poynting flux, but the
“total” energy flux. For its two components SEM and SSD, we
have from equations (5.3a,b), (5.11b), (5.17a) and (5.32b)
SEM =
αc
4pi
(Ep × Bt) = ΩFω I2piαc Bp = (ΩF − ω)SJ = SE − SSD,(5.33a)
SSD =
ωI
2piαc
Bp = ωSJ,(5.33b)
and we refer to SEM to the “ElectroMagnetic Poynting flux”
and to SSD as the “frame-dragging Spin-Down energy flux”.
Expression (5.33a) seems to suggest that the Poynting flux
in the Kerr spacetime consists of the two terms, but in reality
the total conserved flux SE consists of the two non-conserved
fluxes, SEM and SSD, as seen in the followings and Figure 1.
5.7 Non-conserved energy fluxes and the first law
of thermodynamics
The “total” energy flux SE and the angular momentum flux
SJ correspond to terms c2(dM/dt) and dJ/dt, respectively,
in the first law and the expression of time variation of the
hole’s angular momentum, as seen in equations (3.2a,b). The
“non-conserved” energy flux SSD fits at the horizon to the
second term ΩHdJ/dt of the first law, because ω tends to
ΩH =constant on the horizon surface SH by the zeroth law
of thermodynamics. Another non-conserved flux SEM cor-
responds to TH(dS/dt) on the horizon (O09; O12a; O12b;
O15a; O15b). Then summarizing all the energy fluxes, we
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Figure 1. Three energy fluxes SE, SEM and SSD in the force-free limit are depicted as a function of ΩFω “coordinatised”, when ΩF and
I are given as the eigenfunctions of the criticality-boundary condition (see equation (5.34a,b,c)) (modified from Fig. 3 in O09). The null
surface SN must be in-between the two light surfaces SoL and SiL (see equation (5.24)). Notice no reversal of the total flux SE, which
means that it is conserved (BZ77), while the two component fluxes SEM and SSD are not conserved, for SEM
>=< 0 for ΩFω >=< 0 and SSD
decreases linearly with ΩFω . As shown in equations (6.1), we see that (ΩFω )N = (I )N = (SEM)N = (SJ)N = (SSD)N = (SE)N = 0 at SN with
ΩFω = 0, which require the force-free and freezing-in conditions to break down at the null surface. The widening process of SN to the
Gap GN must be described by microphysics such as pair-production discharges due to the voltage drop ∆V between the “two batteries
with two EMFs” (see Figures 3 and 4; section 8).
have three fluxes in total, i.e., from equations (5.32b) and
(5.33a,b)
SEM = ΩFωSJ, (5.34a)
SSD = ωSJ, (5.34b)
SE = SEM + SSD = ΩFSJ (5.34c)
(see Figure 1; cf. Fig. 3 in O09). Behind equation (5.34) or
(2.4) for SE is there a simple, and yet important identity
ΩF = (ΩF − ω) + ω = ΩFω + ω (5.35)
[see equation (7.17) for the first law of thermodynamics;
O15a].
It is through coupling with ΩF that ω as well becomes
two-sided, acquiring the “gravito-electric potential gradi-
ent” as the other side than the “FDAV” (O15a). When
SEM = ΩFωSJ implies the electromagnetic (ordinary) Poynt-
ing flux, then SSD = ωSJ may also be called the “gravito-
Poynting energy flux” in a sense, but the sources and sinks
of two Poynting fluxes are made separated each other by the
frame-dragging effect: The source of SSD is naturally in SH
under the stretched horizon (sections 7.1.2, 7.2), continu-
ously decreasing outwardly with ω, apparently transmitting
energy to SEM (Figure 1), and the sinks of the ordinary
Poynting flux SEM are in the two resistive membranes Sff∞
and SffH (sections 7.1.1∼7.2). It seems then that there is
no source of the ordinary Poynting flux SEM anywhere, al-
though SEM
>=< 0 for ω <=> ΩF. In reality, the surface SN is
a singular surface, in which the force-free condition breaks
down, to install the sources of the Poynting flux both out-
ward and inward as seen in section 6.
On the existence of SEM and SJ, there is such a far-
sighted statement in BZ77 that “A physical observer rotat-
ing at constant radius close to the horizon will in general see
a Poynting flux of energy entering the hole, but he will also
see a sufficiently strong flux of angular momentum leaving
the hole to ensure SE >∼ 0” [see the paragraph below equa-
tion (3.2)]. It seems however that no-one has so far appre-
ciated not only equations (2.4) cited from MT82, but also
equations (2.3) cited from TPM86, related to the first law
of thermodynamics. When there is a strong outgoing flux
SJ of positive angular momentum from the hole, the frame-
dragging effect induces the spin-down energy flux incident
to this, i.e., SSD = ωSJ, and also when we interpret that
SJ = SJ,(in) is equivalent to the ingoing flux of negative an-
gular momentum flux, i.e., S
(in)
J = −SJ,(out), then the ingoing
Poynting flux is connected to the ingoing flux of negative
angular momentum, i.e., S
(in)
EM = (ω − ΩF)S
(in)
J (see section
7.1.2).
6 BREAKDOWN OF THE FORCE-FREE AND
FREEZING-IN CONDITIONS
When the poloidal magnetic field Bp continuously extends
from near SH to near S∞, in particular (Bp)N , 0 (see section
4), the force-free BH magnetosphere possesses a genetic sin-
gularity (not gravitational, but gravito-electrodynamic) at
the null surface SN with ΩFω = 0, between the two light sur-
face, i.e., SiL< SN <SoL(see equation (5.26)), and the force-
free and freezing-in conditions necessarily break down, to
develop a power station for particle-current sources at the
non-force-free Gap between the two force-free domain, Dout
and Din.
From equations (5.9a,b), (5.17c,a,b), (5.34a,b,c), (5.5),
(5.20a,b) and (3.5), we see that following quantities neces-
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sarily vanish at SN:4
(ΩFω)N = (vF)N = (Ep)N = (%e)N = (SEM)N (6.1a)
= (v)N = ( j)N = (I)N = (Bt)N (6.1b)
= (SJ)N = (SSD)N = (SE)N (6.1c)
= (∇ · [α∇Ψ/$2])N = 0, (6.1d)
where the value of X(ΩFω,Ψ) with ΩFω = 0 at SN is denoted
with
(X)N = X(0,Ψ) (6.2)
[see equations (8.1a,b) for the widened Constraints in the
widened null surface GN]. A set of above Constraints
uniquely and unequivocally specify the basic physical na-
ture of the non-force-free Gap, as argued in the followings:
(i) The null surface SN where ΩFω changes sign plays a
similar role in gravito-thermo-electrodynamics to the static-
limit surface in BH mechanics, inside which the mechanical
Penrose process is capable of working, and hence the inner
domain with ΩFω < 0 was referred to as the effective ergo-
sphere (O92). The above Constraints play a crucial role in
constructing any reasonable gap models (see section 7.3 and
8) and setting up the “boundary conditions” for determin-
ing ΩF (see section 9), and must strictly be satisfied in a
viable magnetosphere constructed under the force-free and
freezing-in conditions (5.9a,b).
(ii) The ZAMOs will see that ΩFω and Ep change in sign
at ω = ωN along each field line. Then contriving DC circuits,
Cout and Cin, in the outer and inner domains, the Faraday
path integral of Ep along the circuits yields the EMFs, Eout
and Ein, driving currents along the circuits, to maintain the
force-free magnetosphere active (see sections 7.3, 8 and Fig-
ure 2; O15a). They will also find that another force-free in-
tegral function I as well must vanish at SN. It turns out that
Constraints ( j)N = (I)N = (ΩFω)N = 0 unequivocally divide
the hole’s magnetosphere into the two domains Dout and
Din (see section 8). That is to say, it is the frame-dragging
effect that necessarily gives rise to breakdown of the force-
free and freezing-in conditions (cf. BZ77; MT82), because
e.g., despite that I(Ψ) must be a conserved quantity in the
force-free domains, it must vanish at SN. This means that
there must be a jump of I(Ψ) = I(in) to I(out) (see section 7.1).
(iii) The surface SN with (v)N = 0 must be a watershed for
outflow and inflow, because v >=< 0 for ΩFω >=< 0, and yet both
flows are due to the magneto-centrifugal forces at work to-
ward the opposite directions, inward and outward. The null
surface SN spliting the force-free magnetosphere into two
domains must be equipped with a kind of virtual “magnetic
rotators” like magnetised NSs rapidly, oppositely spinning,
and with particle and current sources in-between. This is in
a sense a bifurcating surface between the single-pulsar and
twin-pulsar models (see sections 3 and 10).
(iv) Constraints ( j)N = (v)N = 0 do not allow current-
streamlines to cross SN, and are no longer compatible with
equations (5.22) valid in the force-free domains. In particu-
lar, Constraints ( j)N = 0 means that there is no EMF that
is capable of driving such a current as crossing SN due to
a unipolar induction battery anywhere (cf. TPM86). Each
4 The surface of %e = 0 may not exactly accord with the null
surface SN at ΩFω = j = 0 in the force-free limit (see O09; O12a).
force-free domain, Dout or Din, possesses its own value of
I(Ψ), i.e., I(out) or I(in), which is determined as the eigenval-
ues in the resistive membranes Sff∞ and SffH (sections 7.1.1
and 7.1.2), and ensures that angular momentum is conveyed
by the force-free magnetic field in Dout or Din. But we see
(I)N = (Bt)N = (SJ)N = 0, resulting from ( j)N = 0. This is
because there will be no inertial loading upon Bp in the in-
ductive membrane with no resistance (see Figure 3). It is
important to remind that the toroidal field Bt is a swept-
back component of the poloidal component Bp due to iner-
tial loadings in the resistive membranes (see Figure 3).
(v) A constraint (v)N = 0 means that when the ZAMOs
see, the particles (pair-produced by some way or other) at SN
make no macroscopic motion, and conversely particles with
v = 0 are “zero-angular-momentum” particles (ZAMPs).
Also Constraints (I)N = (SJ)N = 0 means that no angular
momentum is transported along the poloidal field lines Bp
with (Bt)N = 0, nor energy passes across the null surface SN.
Then despite (SJ)N = (SEM)N = (SSD)N = (SE)N = 0, it is
due to the existence of ZAMPs in the null surface (or the
widened Gap GN) that it looks like as if energy and angular
momentum flow continuously across SN (or GN) (see sections
8, Figures 1 and 3).
(vi) Inequalities SEM
>=< 0 for ΩFω >=< 0 necessitate the exis-
tence of a pair of batteries with each EMF on both upper and
lower sides of SN, and each current circuit must close in each
domain, Dout or Din, to satisfy the current-closure condition,
respectively (see section 7.3; Figures 1, 2; Table 2). Corre-
sponding to wind theory, circuit theory must be the case,
as shown in relation v = j/%e. Each domain has outflow or
inflow, for ΩFω
>=< 0, that is, the outer pulsar-type magneto-
centrifugal wind or inner anti-pulsar-type wind must be ex-
istent in Dout or Din (see Figure 2).
(vii) From the trans-field equation (3.5) or equation
(5.21) for jt, we obtained one of the Constrains (6.1d), which
reduces to
(∇2Ψ)N = −(∇Ψ · ∇ ln(α/$2))N
at SN. This combines with equation (3.6) for the curvature
radius Rcr of each field line to yield( |∇Ψ|
Rcr
)
N
= −(∇Ψ · ∇ ln(α |∇Ψ|/$))N = −(∇Ψ · ∇ ln(αBp))N.
(6.3)
It does not seem that this produces such a pathological be-
haviour in the field structure as contradictory to the condi-
tion (Bp)N , 0 in the neighbourhood of SN. It will however be
plausible that Constraint (I)N = or (I)G = 0 may have some
effect in solving the trans-field equation (3.5) (see section
8). It will be necessary to elucidate compatibility and con-
sistency of the exact monopolar analytic solution of equation
(3.5) (BZ77; O09; O12a) with Constraints in (6.1).
(viii) Force-freeness, freezing-inness and degeneracy in
equations (5.9) specify the nature of the force-free domains,
whereas inevitable breakdown of them leads to Constraints
in equations (6.1a,b,c,d) at SN or (8.1a,b) at GN in |ΩFω | <∼
∆ω. Then a plausible Gap model must explain materialisa-
tion of the frame-dragging spin-down energy and magneti-
sation of it due to the poloidal field Bp threading the Gap
(see section 8).
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7 AN EXTENDED MEMBRANE PARADIGM
The two integral functions of Ψ in the “force-free domains”,
i.e., I(Ψ) = −αc$Bt/2 and ΩF(Ψ) = −2pic(dA0/dΨ) are not
freely specifiable parameters, but must be determined as the
eigenvalues or eigenfunctions of the criticality-boundary con-
dition at the membranes terminating the two force-free do-
mains and at the interface SN between the two domains. The
two eigenfunctions for I(out) and I(in) are determined by the
criticality condition at the resistive membranes Sff∞ and SffH
(see equations (7.1) and (7.5b)), and the final eigenvalue ΩF
is determined in the inductive membrane SN in-between (see
equation (9.2)), so as to build up the power station consist-
ing of a pair of unipolar induction batteries with EMFs for
the DC circuits in both domains. This procedure would be
impossible to conduct, unless the force-free and freezing-in
conditions are not negligibly but strongly violated (cf. BZ77;
MT82). So with the strong Constraints (6.1) at the null sur-
face SN taken into account, we shall to try to shift from the
original Membrane Paradigm (TPM86) for the original BZ
process to an extended Membrane Paradigm for a modified
BZ process.
Modifications necessary in the BZ process (see section
3) are brought about by incorporating the frame-dragging
effect, that is, strong Constraints (6.1) in energy and an-
gular momentum fluxes (5.34), with their sources and sinks
explicitly taken into account. The sources of the angular
momentum and the rotational energy seem to be existent
beneath the horizon surface SH. When there is the outward
flux of angular momentum SJ, the frame-dragging effect of
ω induces the the “spin-down” energy flux SSD out of SH
(O15a; O15b). The Poynting flux cannot be emitted from
SH, but is simply absorbed into SH, to satisfy the “radiation
condition” towards the horizon. This implies the necessity of
shifting a place of unipolar induction at work to somewhere
fairly above the horizon, separated from the source of the
spin-down energy, that is, to the place of breakdown of the
force-free and freezing-in conditions where the “boundary
condition” to determine ΩF must be set up.
What makes the matters so complicated is that, to-
gether with that of the Poynting flux, the source of angular
momentum as well must partially shift from SH to the null
surface SN, so that, when the ZAMOs see, just as the out-
going flux of positive angular momentum SJ,(out) > 0 follows
the outgoing Poynting flux SEM,(out) > 0, the ingoing flux of
negative angular momentum S
(in)
J < 0 must follow the ingo-
ing Poynting flux S
(in)
EM < 0. For this to take place, the inflow
of negative angular momentum must be equivalent to the
outflow of positive angular momentum, and indeed this is
possible when we introduce a concept of virtual magnetic
axes spinning with ΩF and −(ΩH−ΩF) existent back-to-back
at the null surface SN, as shown in the followings.
7.1 Resistive membranes
7.1.1 The force-free infinity surface Sff∞
It is astrophysical loads such as MHD particle acceleration
that produces the toroidal component Bt = −2I(out)/$αc as
a swept-back component from the poloidal one Bp. In wind
theory the outgoing plasma flow is required to pass smoothly
through the reminiscent of the (outer) magnetosonic fast
surface SoF, and the “criticality condition” for that yields
I(out) = (1/2)ΩF(Bp$2)ff∞ at SoF in Sff∞ (7.1)
which naturally accords with the force-free limit of that for
MHD pulsar wind theory (see Eq (10.1) in O78). The criti-
cality condition in wind theory also accords with Ohm’s law
for the surface currents flowing in Sff∞ and the radiation con-
dition towards S∞. The outgoing magneto-centrifugal wind
is followed by the angular momentum flux and also the
Poynting flux in Dout with ΩFω > 0, which are given in
terms of I(out) from equations (5.11b) and (5.34a);
SJ,(out) =
I(out)
2piαc
Bp, (7.2a)
SEM,(out) = (ΩF − ω)SJ,(out). (7.2b)
The outer force-free domain Dout is then terminated by a
membrane Sff∞ on which inertial effects such as astrophys-
ical loads become important. The membrane Sff∞ in wind
theory may be regarded as containing a sufficiently thin layer
onto which the MHD acceleration layer from the outer fast-
magnetosonic surface SoF to S∞ is compressed, and on which
surface or membrane currents transformed from the volume
currents in Dout flow across poloidal field lines threading
there to dissipate. The membrane current flowing from Ψ2
to Ψ1 is
Iff∞ = (I21/2pi$)ff∞, (7.3)
where I21 = I(out)(Ψ1) = I(out)(Ψ2) and Ψ0 < Ψ1 < Ψc < Ψ2 <
Ψ¯ (see Figure 2). The membrane Sff∞ may also be inter-
preted as possessing the same surface resistivity R = 4pi/c =
377 Ohm as on another membrane SffH on SH, and Ohm’s
law holds on Sff∞, i.e., RIff∞ = (Ep)ff∞. This is equivalent to
the radiative condition towards S∞. This Ohmic dissipation
in circuit theory implies MHD acceleration taking place in
wind theory.
From Eq (4.14) in MT82, the rate per unit τ time at
which electromagnetic fields transfer redshifted energy is
− 1
α
∇ · αSE = α j · E + (ω/c)( j × B) · m = (ΩF/c)( j × B) · m
=
ΩF$
c
j⊥Bp = −ΩF$c
Bp
2pi$α
(
∂I
∂`
)
> 0, (7.4)
where equations (5.7) and (5.19) are used. It thus turns out
that when the current function I(`,Ψ) is continuously de-
creasing with ` beyond near SoF toward S∞, the MHD accel-
eration tales place (see Figure 3), but the force-free magneto-
sphere regards the “force-free” domain with j⊥ = 0 formally
as extending to compress the acceleration zone j⊥ > 0 to the
force-free infinity surface Sff∞ with | j‖ |  j⊥ ≈ 0. By doing
so, the circuit Eout closes, not to violate the current-closure
condition.
7.1.2 The force-free horizon surface SffH
The inner domain Din with ΩFω < 0 is terminated by an-
other membrane SffH with the surface resistivity R, that is
to say, a sufficiently thin resistive layer in which Ohmic dis-
sipation takes place of the surface current flowing crossing
poloidal field lines, thereby generating Joule heat to be eas-
ily absorbed as entropy by the hole. The resistive membrane
SffH accords with the stretched horizon with quite small α
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Table 2. The basic properties of a Kerr hole’s force-free magnetosphere; a twin-pulsar model with the Gap filled with ZAMPs (see
Figures 1, 2, 4 and 5. Cf. Table 1).
Resistive membrane Inner force-free domain Inductive membrane Outer force-free domain Resistive membrane
SH<∼ SffH <∼ SiF Din SN Dout SoF<∼ Sff∞ <∼ S∞
0 <∼ α  1, ω ≈ ΩH ΩH > ω >∼ ΩF ω = ΩF ≡ ωN ΩF >∼ ω > 0 α ≈ 1, ω ≈ 0
ΩFω ≈ −(ΩH −ΩF) −(ΩH −ΩF) < ΩFω < 0 ΩFω = 0 ΩF > ΩFω > 0 ΩFω ≈ ΩF
v = j/%e < 0, SEM < 0 SEM = v = j = I = Bt = SJ = 0 v = j/%e > 0, SEM > 0
Anti-pulsar-type vp < 0 Particle creation due to ∆V Pulsar-type vp > 0
Surface current Volume current Ein- EMFs -Eout Volume current Surface current
Ohmic dissipation No dissipation No dissipation Ohmic dissipation
Entropy increase and currents Particle acceleration
j‖ → 0 jp , 0, j⊥ = 0 j = 0 jp , 0, j⊥ = 0 j‖ → 0
I → 0 I(in)(Ψ) I = 0 I(out)(Ψ) I → 0
(ΩFω )(in) = −(ΩH −ΩF) ΩFω = 0 (ΩFω )(out) = ΩF
S
(in)
EM = (ΩH −ΩF)S(in)J < 0 (from SJ,(in) > 0) SEM,(out) = ΩFSJ,(out) > 0,
(Source of spin-down energy) SSD,(in) = ΩHSJ,(in) > 0 Sources of Poynting fluxes SSD,(out) = 0
The interface SN between Dout and Din is regarded as an infinitely thin interface in the force-free limit, where (Bp)N , 0 and [Bp]N = 0,
and also (ΩFω )N = (Ep)N = (%e)N = (SE)N = (v)N = (j)N = (SEM)N = 0 (see equation (6.1)). In reality, it will have a complicated physical
structure of finite width, where microphysical pair-creation process takes place with mixed plasma of %e ≈ 0, and relation v = j/%e is no
longer valid, with streamlines separated from field lines threading SN and also from current lines starting from one terminal of an EMF,
Eout or Ein to other terminal, to make a closed circuit, Cout or Cin, in each domain. Both of Dout and Din possess respective light
surfaces, SoL and SiL (see section 5.5).
above the true horizon surface SH (TPM86), covering the
boundary layer from SH to the inner fast magnetosonic sur-
face SiF.
The criticality condition in wind theory requires the in-
going wind to pass smoothly through SiF, to yield for the
eigenfunction I(in),
I(in) = −I(in) (7.5a)
= −(1/2)(ΩH −ΩF)(Bp$2)ffH, (7.5b)
at SiF as the outermost surface of SffH, where the reason of
taking I(in) < 0 is because the inflow is due to the inward-
directed magneto-centrifugal force (ΩFω < 0) by the virtual
magnetic spin axis rotating with −(ΩH − ΩF) at SN, as op-
posed to the outflow with ΩFω > 0 by the virtual magnetic
spin axis rotating with ΩF (see Figures 3, 4 and 5). Then we
have the ingoing fluxes of negative angular momentum and
electromagnetic Poynting energy in terms of I(in) = −I(in) and
S
(in)
J = −SJ,(in), i.e.,
S
(in)
J =
I(in)
2piαc
Bp < 0, (7.6a)
S
(in)
EM = (ω −ΩF)S
(in)
J < 0, (7.6b)
whereas we obtain the outgoing fluxes of positive angular
momentum and the flame-down spin-down energy in terms
of I(in) = −I(in)
SJ,(in) =
I(in)
2piαc
Bp > 0, (7.7a)
SSD,(in) = ωSJ,(in) > 0. (7.7b)
Similarly to the membrane current on Sff∞, the mem-
brane current on SffH from Ψ1 to Ψ2 is
IffH = (I12/2pi$)ffH. (7.8)
Then Ohm’s law holds, i.e., RIffH = (Ep)ffH, in the stretched
horizon (MT82; O12a; O15a).
7.2 The first law in the stretched horizon
The thermodynamics of the“stretched horizon”with a depth
of α covering the true horizon SH, introduced by TPM86,
almost overlaps the “force-free horizon surface” SffH here to
cover a thin layer of the Joule-dissipation taking place from
SH to SiF in circuit theory. Here we paraphrase the thermo-
dynamic aspect of SffH, i.e., the stretch horizon (see section
2.1.3 for stretched horizon thermodynamics).
When the surface current IffH[≡ ®JH in equation (2.3)]
flows in the stretched horizon SffH (see section 2.1.3), cross-
ing field lines threading there, the surface torque will be at
work through SffH to the hole, thereby extracting the angu-
lar momentum of the hole, i.e. dJ/dt < 0. Then, by equation
(2.3b), one has
dJ
dt
= −
∫
SffH
(αIffH/c × Bp) · dA (7.9a)
= −
∫
SffH
αSJ,(in) · dA = −
1
2pic
∫ Ψ¯
Ψ0
I(in)(Ψ)dΨ (7.9b)
=
∫
SffH
αS
(in)
J · dA =
1
2pic
∫ Ψ¯
Ψ0
I(in)(Ψ)dΨ (7.9c)
where Bp · dA = dΨ (see section 7.1.2). The first two of
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equations (7.9) indicate that the outflow of positive angu-
lar momentum takes place by the positive surface torque on
SffH, and the last indicates that the inflow of negative angu-
lar momentum due to the ingoing magneto-centrifugal wind
is equivalent to that by the surface torque braking the hole
through SffH.
Associated with the outgoing flux SJ,(in) is the spin-down
energy flux SSD due to the frame-dragging effect in equa-
tion (5.34b), and the surface integral of SSD over SffH yields
−ΩH(dJ/dt), i.e.,∫
SffH
αSSD · dA = ΩH
∫
SffH
αSJ,(in) · dA
=
ΩH
2pic
∫ Ψ¯
Ψ0
I(in)(Ψ)dΨ = −ΩH
dJ
dt
, (7.10)
because ω tends to ΩH =constant, independent of Ψ, by the
zeroth law of BH thermodynamics (see section 2.1.2).
The process of energy transfer in the stretched hori-
zon SffH is formally replaced with “Ohmic dissipation” of
the surface currents due to the surface resistivity given by
R = 377Ohm. Other than exerting the surface torque, the
surface current on the resistive membrane gives rise to Joule-
dissipation, which generates the Joule heating of the surface
current on SffH into a digestible form of irreducible mass or
entropy, i.e., from equation (2.3a) and (3.3) or (7.5b)
TH
dS
dt
=
∫
SffH
RffH(αIffH)2dA (7.11a)
= − 1
2pic
∫ Ψ¯
Ψ0
[ΩH −ΩF(Ψ)]I(in)(Ψ)dΨ > 0, (7.11b)
which means that the causal extraction of the rotational
energy across the resistive membrane must be followed by
the cost of Joule heating. This is not due to the internal
resistance of the battery in the horizon (Blandford 1979;
MT82). The condition ΩH ≥ ΩF must duly be satisfied in
equation (7.11) for the second law dS ≥ 0 to hold (BZ77).
The increase of the hole’s entropy or irreducible mass
in equation (7.11) is naturally equal to the ingoing Poynting
flux flowing into SffH, i.e.,∫
SffH
αS
(in)
EM ·dA =
1
2pic
∫ Ψ¯
Ψ0
[ΩH−ΩF(Ψ)]I(in)(Ψ)dΨ < 0. (7.12)
Then from equations (7.10) and (7.12) one has∫
SffH
αS
(in)
EM · dA+
∫
SffH
αSSD,(in) · dA =
1
2pic
∫ Ψ¯
Ψ0
ΩF(Ψ)I(Ψ)dΨ,
(7.13)
which is equal to
c2 |dM/dt | =
∫
Sff∞
αSEM,(out) · dA, (7.14)
and hence one has∫
SffH
αSSD,(in) · dA =
∫
Sff∞
αSEM,(out) · dA −
∫
SffH
αS
(in)
EM · dA
(7.15)
or equivalently
ΩH |dJ/dt | = c2 |dM/dt | + THdS/dt (7.16)
(see Figure 4). Behind the equation (7.16) for the first law of
the stretched-horizon thermodynamics is a simple identity
ΩH = ΩF + (ΩH −ΩF) (7.17a)
= ΩF − [−(ΩH −ΩF)], (7.17b)
which is obtained from equation (5.35) at the horizon for
the energy flux SE. Equation (7.17b) shows the difference of
the spin rates of the two virtual magnetic rotators existent
back-to-back at the null surface SN [see equations (10.2) and
(10.4)]. Similarly to ΩF, it turns out that ΩH as well is two-
sided, that is, it has a meaning of the hole’s gravito-electric
potential gradient besides the hole’s angular velocity (O15a).
It turns out thus from equation (7.15) and (7.16) that
the rotational energy extracted through SffH from under the
horizon per unit universal time will be shared between the
outgoing Poynting flux to astrophysical loads in the outer
resistive membrane Sff∞ and the ingoing one to Ohmic dis-
sipation in the outer resistive membrane SffH leading to
the hole’s entropy increase. Both of the outgoing and in-
going Poynting flux must emerge from the same place in
the midst of the force-free magnetosphere, i.e., the inductive
membrane of the breakdown of the force-free and freezing-
in conditions taking place, and there must exist the two
electromotive forces (say Eout and Ein) back-to-back associ-
ated with the two virtual magnetic rotators (see equations
(7.18a,b) and section 10.2; O15a).
7.3 Inductive membrane SN
One of our Major Premises is that the Kerr hole is not an
electrodynamic object with unipolar induction at work with
an emf in the horizon (cf. BZ77; Phinney (1983a)). When the
force-free magnetosphere possesses two resistive membranes
in the both ends, then there must be the inductive membrane
at the null surface SN in-between, where the force-free and
freezing-in conditions break down. We thus have to contrive
two batteries, one for the outgoing Poynting flux and astro-
physical loads in Sff∞ and the other for the ingoing Poynt-
ing flux and Ohmic dissipation in SffH. For this purpose we
think of the two circuits Cout and Cin closed in Dout and Din,
respectively (O15a). These two circuits are disconnected at
the null surface SN by Constraints ( j)N = (I)N = 0 in (6.1b)
(see Figure 2).
For electric currents to flow in the closed circuit Cout
or Cin, there must naturally be an EMF due to the unipolar
induction battery for each circuit, resulting from the gravito-
electric potential gradient ΩFω = ΩF−ω. Let us then pick up
such two current-field-streamlines Ψ1 and Ψ2 in each force-
free domain as the two roots of algebraic equation I(Ψ) = I12,
i.e., I(Ψ1) = I(Ψ2) ≡ I12 in the range of 0 < Ψ1 < Ψc < Ψ2 < Ψ¯
(see equation (5.23); Figs. 2, 3 in O15a), where (dI/dΨ)c = 0
and jp
<=> 0 for Ψ <=> Ψc. The Faraday path integrals of Ep
from equation (5.17a) along two circuits Cout and Cin yield
Eout =
∮
Cout
αEp · d` = − 12pic
∫ Ψ2
Ψ1
ΩF(Ψ)dΨ, (7.18a)
Ein =
∮
Cin
αEp · d` = + 12pic
∫ Ψ2
Ψ1
(ΩH −ΩF)dΨ (7.18b)
(see O15a; cf. TPM86). There is no contribution to EMFs
from the integral along Ψ1 and Ψ2 and on the null surface,
because of Ep ·d` = 0 and (Ep)N = 0. Two EMFs Eout and Ein
MNRAS 000, 1–?? (2019)
18 I. Okamoto and Y. Song
Figure 2. A schematic picture illustrating a pair of circuits Cout and Cin closed in the domains Dout and Din, which are separated by
the Gap GN in |ΩFω | <∼ ∆ω, where (ΩFω )G = (Ep)G = (SEM)G = 0 and (v)G = (j)G = ($Bt)G = (I )G = (SJ)G = 0 (see equation (8.1a,b)). There
will be the dual unipolar inductors with EMFs Eout and Ein at work with the virtual magnetic spin axes, or magnetic rotators oppositely
directed. The angular velocities of the axes are ΩF and −(ΩH − ΩF), respectively, and the difference is ΩH [see equation (7.17); Figures
3, 4 and 5]. Note that vp = jp/%e > 0 in Dout and vp = jp/%e < 0 in Din. There will be a huge voltage drop of ∆V ∝ ΩH [see equation
(7.19)], leading to some particle production processes at work, to produce ample plasma particles towards the development of a thick
Gap with the half-width ∆ω. The particles with (v)G = 0, circulating around the hole’s axis with ωN, are ZAMPs, dense enough to pin
down magnetic field lines, to fix ΩF = ωN and make the Gap magnetised, thereby enabling the dual batteries to drive currents in each
circuit (see Figures 5 and figure 4 in O15a).
are back-to-back existent, partitioned by the infinitely thin
surface SN in the force-free limit, where ( j)N = (ΩFω)N = 0
(see equations (6.1)). These EMFs drive the volume current
j shown in equation (5.22) in the force-free domain Dout or
Din and the surface current in the resistive membrane Sff∞
or SffH, so as to flow along each circuit Cout or Cin. Also,
these are responsible for launching the Poynting energy flux
in both outward and inward directions, i.e., SEM
>=< 0 for
ΩFω
>=< 0. Note that Eout is seemingly the same as ENS (see
equation (2.8)), that is, the outer force-free domain Dout
looks like a pulsar force-free magnetosphere (see section 2.2),
whereas the inner domain Din behaves like an anti-pulsar-
type magnetosphere (O92).
The difference between the two EMFs across SN is
[E]N = Eout − Ein = −ΩH∆Ψ/2pic = ∆V (7.19)
(cf. TPM86), where the difference of a quantity X across the
interface (infinitely thin) SN is denoted with
[X]N = (X)(out)N − (X)
(in)
N (7.20)
and ∆Ψ = Ψ2 − Ψ1. Expression (7.19) can be derived simply
by integrating the identity (7.17b) from Ψ1 to Ψ2, just as
the potential difference between two equipotential lines.
Thus the voltage drop across the infinitely thin inter-
face SN, ∆V = [E]N, suggests that the null surface SN will
be a kind of rotational-tangential discontinuity due to the
two virtual magnetic rotators, although ΩFω and Ep seem to
change sign smoothly through zero (see Figure 4 and section
10.1; Landau et al. (1984)). It will be worthwhile emphasiz-
ing that the null surface with Constraints (6.1) is genetically
endowed with the discontinuity [E]N = ∆V , to widen SN
to GN, thereby constructing the magnetised “zero-angular-
momentum” Gap (see section 8). For the Gap GN with a
finite thickness ∆` or ∆ω, the difference is denoted like [X]G
[see equation (8.2)].
7.4 A “singular” surface in the force-free
magnetosphere
Any “force-free” magnetosphere at work around a magne-
tised rotating star possesses genetically a kind of singularity
where the force-free and freezing-in conditions must break
down (section 6). A pulsar force-free magnetosphere may be
regarded as extending even to the origin of coordinates, and
hence possessing a singularity as a magnetic monopole or
multipole with particle-current sources at the origin, which is
however usually out of question because the force-free condi-
tion has already broken under the NS surface SNS. It is then
taken for granted in a realistic point of view taken that the
field lines emanating from SNS have ΩNS by the “boundary
condition”, yielding the EMF at work at SNS to drive cur-
rents through the pulsar force-free magnetosphere. On the
other hand, Kerr holes covered by the horizon at its “sur-
face” must live under the severest circumstances governed
by the no-hair theorem and the four laws of thermodynam-
ics, and cannot be allowed to make causal interactions with
external events and phenomena except through the frame-
dragging effect due to ω. That is, one of crucial differences
between the pulsar and hole magnetospheres comes from the
fact that the horizon SH is quite distinct from the NS surface
SNS in electrodynamics, for the latter’s surface SNS plays a
role of substitute of a singular surface at the centre, but the
former, the horizon surface SH is not singular, and the singu-
lar surface of a Kerr hole electrodynamics shifts to the null
surface SN as a naked singularity where ΩFω = ΩF − ω = 0,
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and overlook of SN fairly above the horizon forced people to
conclude that a mechanism directly analogous to Goldreich
& Julian (1969) is applicable (BZ77; MT82; Phinney 1983a;
TPM86). When we think of a plasma-filled magnetosphere
with ΩF(< ΩH) around a Kerr hole, we can find the unique
place of breakdown of the force-free and freezing-in condi-
tions (see section 6).
It turns out thus that the force-free magnetosphere must
basically possess two resistive membranes (i.e., Sff∞ and
SffH) of Ohmic dissipation of surface currents terminating
the two force-free domains Dout and Din, separated by the
inductive membrane SN (i.e., the singular null surface) where
the force-free and freezing-in conditions breaks down. And
Eout and Ein in equations (7.18a,b) give such electromotive
forces for closed circuits, Cout and Cin, thereby connecting the
inductive membrane SN through the force-free domain Dout
and Din to the resistive membrane Sff∞ and SffH (see Figure
2). The volume currents driven by EMFs of the batteries
at SN flow through Dout and Din, and then the surface cur-
rents transformed from the volume currents Ohmic-dissipate
power in the resistive membranes SffH and Sff∞.
8 “ZERO-ANGULAR-MOMENTUM”
MAGNETISED GAP
The wording of “magnetised” means here that the Gap in-
evitably taking place in the force-free magnetosphere will be
magnetised in almost the same way that spinning NSs are
magnetised strongly enough to ensure the rotational veloc-
ity of emanating field lines to possess the surface angular
velocity of the star, given by the “boundary condition”, i.e.,
ΩF = ΩNS (see section 2.2). The Gap is also in the zero-
angular momentum state, because (v)N = ( j)N = (ΩFω)N = 0
and (SJ)N = ($Bt)N = (I)N = 0 (see equations (6.1) and (8.1))
mean that when ZAMOs see, the particles and the field carry
no angular momentum within the Gap. The poloidal mag-
netic field lines threading the Gap are naturally pinned down
in the ZAMPs circulating around the hole with ΩF = ωN,
and hence the magnetised ZAMPs must have to ensure the
“boundary condition” ΩF = ωN (see section 9). There will
thus be the matter-dominated magnetised Gap of the in-
ductive membrane GN developed in-between Dout and Din,
and its surfaces SG(out) and SG(in) at ΩFω ≈ ±∆ω (Figure 3).
When ∆ω = |(∂ω/∂` |)N |∆` stands for the Gap half-
width, distinguished from SN for a thin null surface at
ΩFω = 0 in the force-free limit, we denote the null surface
widened by the half-thickness ∆ω with GN, e.g., I(ΩFω,Ψ) =
0 in |ΩFω | <∼ ∆ω (see equation (8.3)), and for ∆ω → 0,
GN → SN. (see Figure 4 in O15a for interplay of microphysics
with macrophysics in the magnetised, matter-dominated
Gap). The present Gap model is fundamentally different
from the pulsar outer-gap model so far, which assumed
pair-production discharge mechanism in the “single-pulsar”
model based on the negligible violation of the force-free con-
dition (e.g. BZ77; MT82; TPM86; Beskin et al. (1992); Hi-
rotani & Okamoto (1998); Song, et al. (2017); Hirotani et
al. (2018); etc.).
8.1 A plausible Gap structure with I(ΩFω,Ψ)
In the force-free domains, I has a constant value I(out)(Ψ) or
I(in)(Ψ) for ΩFω > 0 or < 0 along each field line, whereas
Constraints ( j)N = (I)N = 0 require I(ΩFω,Ψ) to vanish at
SN with ΩFω = 0, indicating breakdown of force-free and
freezing-in conditions. In reality, the voltage drop, or a kind
of discontinuity, ∆V = [E]N at SN, will produce pair-particles
copious enough and in the steady state plasma pressure will
expand SN to GN with a finite width ∆ω in |ΩFω | <∼ ∆ω (see
section 7.3). We denote the widened null Gap with GN, and
then we replace Constraints in (6.1) at SN with following
“widened” Constraints in the Gap GN in |ΩFω | <∼ ∆ω;
(ΩFω)G = (Ep)G = (%e)G = ( j)G = (v)G = (I)G = ($Bt)G(8.1a)
= (SJ)G = (SEM)G = (SSD)G = (SE)G = 0.(8.1b)
In passing, [X]G denotes the difference of X across the Gap
|ΩFω | <∼ ∆ω;
[X]G = X(∆ω,Ψ) − X(−∆ω,Ψ) ≡ (X)(out)G − (X)
(in)
G (8.2)
In the followings we understand that GN → SN in the force-
free limit of ∆ω→ 0.
Then we presume such a simple form on function of
I = I(ΩFω,Ψ) along a typical field line in 0 ≤ Ψ ≤ Ψ¯ in the
magnetosphere as
I(ΩFω,Ψ) =

→ 0 ; Sff∞ (ΩFω ≈ ΩF),
I(out) ; Dout (∆ω <∼ ΩFω <∼ ΩF),
0 ; GN (|ΩFω | <∼ ∆ω),
I(in) ; Din (−∆ω >∼ ΩFω >∼ −(ΩH −ΩF)),
→ 0 ; SffH (ΩFω ≈ −(ΩH −ΩF))
(8.3)
(see Figure 3). The behaviour of I(ΩFω,Ψ) in the outer do-
main Dout is more-or-less similar to that of the force-free
pulsar magnetosphere (see equation (2.7)). Note that there
is a jump from I(in) to I(out) beyond (I)G = 0. Because “the
particle-production mechanism described in BZ77 must op-
erate between the two light surfaces” (Znajek 1977), the Gap
GN must exist in-between SiLand SoL (see equation (5.26)).
The outer half of the Gap is thought to play a role
like a normal NS, while the inner half is done to playing a
role like an abnormal NS. Each half of virtual magnetised
spinning NSs is stuck together, back-to-back, reversely each
other. In the limit of ∆ω→ 0, GN → SN and the EMFs, Eout
and Ein, make a rotational-tangential discontinuity with the
voltage drop ∆V (see equation (7.19), section 10.1). This
voltage drop will lead to a new pair-production mechanism
quite different from the one described in BZ77, and make
SN → GN with a finite ∆` or ∆ω. Then the outer half of
the Gap will launch the outgoing magneto-centrifugal wind
with v = j/%e > 0, the angular momentum flux SJ,(out) > 0
and the Poynting flux SEM,(out) = ΩFωSJ,(out) > 0, while the
inner half will launch the ingoing magneto-centrifugal wind
with v = j/%e < 0, the angular momentum flux S(in)J < 0
and the Poynting flux S
(in)
EM = ΩFωSJ,(in) = (ω − ΩF)S
(in)
J < 0.
The outward “positive” angular momentum flux SJ,(in) > 0
is equivalent to the inward “negative” angular momentum
flux S
(in)
J < 0 (see Figure 3). It must be remarked that when
the boundary condition at SNS yields ΩF = ΩNS for the pul-
sar force-free magnetosphere, the behaviour of I = I(`,Ψ)
in the vicinity of ` ≈ `NS (see equation 2.7)) seems to be
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Figure 3. A plausible behaviour of the angular momentum transport rate along each field line, I (ΩFω, Ψ) [see equation (8.3)]. The
abscissa is the “coordinatised”ΩFω along a field line Ψ =constant. The force-free and freezing-in conditions must necessarily break down
at the null surface SN, as a consequence of breakdown of the iso-rotation of the ZAMO angular velocity of field lines ΩFω . The voltage
drop ∆V between the two EMFs will lead to development of a Gap with (I )G = 0 in a finite zone |ΩFω | <∼ ∆ω between the two force-free
domains Dout and Din with I = I(out)(Ψ) and = I (in)(Ψ), respectively (see sections 8.1 and 10.1). When (Bp)G , 0 under the Major Premises,
Constraints (v)G = (j)G = 0 mean that there is no current-streamlines threading GN (see Figures 1, 2, 4). There may be a kind of
boundary layers in the vicinity ΩFω ' ±∆ω where non-force-free ZAMPs with %e ' 0 are changing to force-free charge-separated plasma
with %e ≈ ∓en±, and I increases/decreases to I(out)/I (in) rather steeply. The non-force-free, matter-dominated Gap, filled with ZAMPs,
will ensure pinning-down of poloidal field lines Bp and hence ΩF = ωN, and pinning-down conversely ensure magnetisation of ZAMPs in
the Gap. Then, the “zero-angular-momentum state” of the Gap is maintained, when the rate of positive angular momentum conveyed
outwardly by the outgoing magneto-centrifugal wind is equal to that of negative angular momentum conveyed inwardly by the ingoing
magneto-centrifugal wind, i.e., [I ]G = I(out)− I(in) = I(out)+ I (in) = 0, and the “boundary condition” [I ]G = 0 yields the eigenfunction ΩF(Ψ) [see
equation (9.1)]. The two virtual spinning magnetic axes are denoted by the two arrows with ΩF and −(ΩH −ΩF) in the Gap surfaces with
[ΩFω ]G = ΩH (see section 10.1). The ZAMPs circulating with ωN = ΩF will firmly embed the poloidal filed Bp, and hence the Gap and
the magnetosphere as a whole will be “frame-dragged” by the hole’s rotation with the local angular velocity ωN = ΩF. It is conjectured
in the twin-pulsar model (see section 10) that the outer half of the Gap in 0 <∼ ΩFω <∼ ∆ω plays a role of a “normal” magnetised NS
spinning with ΩF, while the inner half in 0 >∼ ΩFω >∼ −∆ω behaves like an “abnormal” magnetised NS spinning reversely with −(ΩH − ΩF).
The rotational-tangential discontinuity In-between will promote widening of the null surface SN to the Gap GN. Just as the water-shed
at a mountain pass done to two down streams by the gravitational force, the plasma-shed in the midst of the Gap at ΩFω ≈ 0 will divide
pair-produced particles to outflow and inflow by the magneto-centrifugal force due to ΩFω > 0 or < 0. The Gap filled with the ZAMPs
will be well inside between the two light surface SoL and SiL (see section 8.4).
ill-understood so far, and the same is true here, so that the
treatment of I = I(ΩFω,Ψ) in the vicinity of |ΩFω | ≈ ∆ω will
be allowable (see the caption of Figure 3).
The two force-free domains separated by the Gap
GN consist of non-dissipative current-field-streamlines (i.e.,
equipotentials) with j⊥ = 0, and must be terminated by
the membranes with resistivity of R = 4pi/c = 377Ohm,
restoring particle inertia with |v | → c. It is the two EMFs
Eout and Ein that drive volume currents ( j = %ev) to flow
through the force-free domains Dout and Din, and then the
surface currents on the resistive membranes Sff∞ and SffH
(see Figure 2). This means that the volume currents at fi-
nite distances from GN are regarded as transformed to the
compressed surface cross-field currents, crossing each circle
of 2pi$ on these membranes at $ → ∞ or α → 0, which
are given by Iout = or Iin = I(Ψ)/2pi$ crossing poloidal field
lines to Joule-dissipating, and this implies MHD accelera-
tion on Sff∞ or entropy-production on SffH. The eigenvalues
in equations (7.1) and (7.5b) denote Ohm’s law for the sur-
face currents flowing across poloidal field lines threading the
restisive membranes Sff∞ and SffH (O06; OS06).
8.2 Batteries installed at the Gap surfaces
We understand that the two force-free domains Dout and
Din adjoin to the magnetised Gap filled with ZAMPs at the
surfaces (say) SG(out) and SG(in) with ΩFω ' ±∆ω, where the
unipolar induction batteries are installed with EMFs Eout
and Ein, respectively (see equation (7.18a,b)). The situa-
tion is somehow similar to the force-free pulsar magneto-
sphere attached to a magnetised NS. It is usually thought
(see section 2.2) that a magnetised spinning NS possesses
its own unipolar induction battery with an EMF ENS (see
equation (2.8)), which drives currents flowing through the
force-free magnetosphere with astrophysical loads at Sff∞
(see equation (2.7)). Then we may suppose likewise that
the EMF Eout at SG(out) supplies electricity to the outer
circuit Cout, like a “normal” NS spinning with ΩF = ωN,
whereas the EMF Ein at SG(in) supplies electricity to the
inner circuit Cin, like an “abnormal” NS reversely spinning
with −(ΩH − ΩF). At the same time, the Poynting flux SEM
flows towards the both directions, related to Eout and Ein,
respectively, i.e., SEM,(out) = (ΩF − ω)SJ,(out) > 0 to Sff∞ and
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S
(in)
EM = (ω − ΩF)S
(in)
J < 0 to SffH (see Figure 5). That is to
say, SG(out) and SG(in) of the Gap will behave as if they were
the surfaces of two virtual NSs; the outer one is like a nor-
mal NS spinning with ΩNS = ΩF and the inner one is like an
“abnormal” NS reversely spinning with ΩNS = −(ΩH − ΩF).
This does not insist that the matter state of the particles
pair-produced with the voltage drop ∆V = [E]G in the Gap
may be the same as that of NSs, and rather will be dis-
tinctly different from that, but what we suggest here is just
that the role of the two surfaces of the Gap GN, SG(out) and
SG(in), will be similar to those of two surfaces SNS of NSs
oppositely spinning each other (see the “twin-pulsar model”
in section 10.1). Also, the BH circuit will consist of superpo-
sition of an infinite number of a pair of unipolar induction
batteries and also a pair of external resistances connected
by current-field-streamlines.
8.3 Pinning-down of threading field lines and
magnetisation of the ZAMPs in the Gap
The vital role of the Gap is to pin the poloidal field Bp down
onto the ZAMPs pair-created in there, and to accomplish
magnetisation of the ZAMPs, thereby ensuring ΩF = ωN,
i.e., (ΩFω)G = 0.
When we consider that the Gap surfaces SG(out) and
SG(in) are equipped with EMFs Eout and Ein, these EMFs
not only drive the currents along the circuits Cout and Cin,
respectively, but also produce the voltage drop ∆V = [E]G
across the Gap, which will produce a plenty of ZAMPs to pin
the field lines down. We have thus presumed that the induc-
tive Gap is filled with ZAMPs circulating around the hole
with ωN, and that by the Major Premise, the poloidal field
Bp should thread the Gap without the toroidal component
Bt, for (Bt)G = (I)G = 0 in the Gap GN. The angular mo-
mentum flux does not pass through the ZAMPs in the Gap,
i.e., (SJ)G = 0. This is because there are no loads due to in-
ertial effects, in particular, by the ZAMPs, on the poloidal
component Bp, to give rise to the toroidal component in the
inductive membrane in GN, i.e., (I)G = 0. This may at first
sight seem to create a conundrum in the transport of posi-
tive angular momentum and the rotational energy from the
hole beyond the Gap with (I)G = (v)G = 0 toward astrophys-
ical loads in Sff∞. The point is that ZAMPs are spinning
with ω = ωN dragged by the hole’s rotation and restore
mass, but literally no angular momentum, so that they will
be feasible to flow out of the Gap, flung easily both out-
wards and inwards from surfaces SG(out) and SG(in), with
positive and negative angular momentum, by the respec-
tive magneto-centrifugal forces, to keep the “zero-angular-
momentum” state of the Gap. This enables the positive an-
gular momentum extracted by the surface magnetic torque
through the stretched horizon from the hole to flow through
the inner force-free domain Din, beyond the Gap to the outer
force-free domain Dout (see Figure 3).
To keep the force-free magnetosphere active, the two
EMFs Eout and Ein must supply enough currents to the
two circuits Cout and Cin, connected each other by the field
line Ψ1 and Ψ2, but not by current lines (( j)G = 0) nor
streamlines ((v)G = 0), despite that the iso-rotation law
ΩF(Ψ) =constant still hold along each field line threading
the particle production GN. It is actually in the Gap that
the “boundary condition” of no jump of the angular mo-
mentum transport rate will determine the eigenfunction ΩF
([I]G = 0; see section 9). Just as ZAMOs are literally “Zero-
Angular-Momentum” observers, plasma pair-created by the
potential drop due to discontinuity ∆V = [E]G within the
inductive membrane GN [see equation (7.19)] as well must
be “zero-angular-momentum” particles (ZAMPs), circulat-
ing with ZAMOs at ω = ωN = ΩF, but no longer behave as
“zero-mass”or force-free particles in the Gap. These particles
will become easily charge-separated owing to zero angular
momentum (and also (v)G = 0), to flow from the Gap out to
the force-free domains as “force-free” and charge-separated
particles, with vp > 0 in Dout and vp < 0 in Din (see Figures
2 and 5). These ZAMPs pair-produced will easily be blown
out of the Gap towards both directions by the magneto-
centrifugal force.
8.4 The Gap width ∆` or ∆ω
The particle source will have to be situated in the Gap GN
well within the light surfaces, i.e., ∆ω < (ΩFω)oL ≈ |(ΩFω)iL |,
and thus from equation (5.24) we have
|ΩFω | <∼ ∆ω < c(α/$)oL ≈ c(α/$)iL (8.4)
It is not clear how helpful or rather indispensable are the
above condition, in constructing a reasonable gap model. In
particular, the particle production may take place by the
voltage drop ∆V = −(ΩH/2pic)∆Ψ, almost independently of
presence of the light surfaces in wind theory. Anyway, the
first question to be settled beforehand seems be to elucidate
what kind of pair-production the the rotational-tangential
discontinuity between the two EMFs will lead to (see section
10.1).
When the location of the Gap GN is determined by the
“boundary condition”for the eigenfunction ΩF (see in section
9), the details of gap microphysics on such as the gap width
∆ω does not seem to affect the eigenfunction problem for
ΩF, and vice versa.
8.5 Are ZAMPs in the Gap sensitive to the hole’s
gravity ?
The “force-free” magnetosphere of a Kerr hole necessarily
possesses the three membranes Sff∞, SffH and SN (or GN),
in which inertial effects of particles must formally be re-
stored, to determine the eigenvalues I(out), I(in) and ΩF, be-
cause this is an indispensable procedure to correctly describe
the “force-free” magnetosphere (see section 7). In particular,
ZAMPs will necessarily need to have some inertial mass, to
be able to anchor the poloidal field lines threading the Gap
on the ZAMPs and thereby make the Gap magnetised, to
endow these field lines with ΩF = ωN (see the next section).
This means that the ZAMPs materialised will become sen-
sitive to the hole’s gravity.
The equation of motion for a test particle with mass µ
and charge q to obey was given by
α−1[∂/∂t + (αv + ωm) · ∇]p
= µγg + α−1[ω(p · ∇)m − (p · m)∇ω] + q[E + (v/c) × B] (8.5)
by Eq (2.25) in MT82, where Γ = [1 − (v2/c2)]−1/2, p = µΓv,
and g = −c2∇ lnα. The second term in the right hand side
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is referred to as the “frame dragging force” in MT82 or the
“Coriolis-like force” in Landau et al. (1984); O15a (because
this can be written in the form of the Coriolis force, i.e.,
p × (∇ × ωm)). Note that there is no term corresponding to
the centrifugal force in equation (8.5), to balance the gravi-
tational pull, unlike in an accretion disc around the hole.
ZAMPs steadily and continuously pair-created by the
voltage drop ∆V in the Gap will acquire a finite inertial
mass and circulate around the hole like the ZAMOs in bulk
motion. Then if a “test” ZAMP in the Gap has (v)G = (p)G =
(%eEp + ( j/c) × B)G = 0 in the steady state (∂/∂t = 0), then
one issue left unsolved is that there remains a term of µγg
non-vanishing on the “test” ZAMP. We now do not have
the final answer to this issue. Anyway, the ultimate energy
needed in particle production in the Gap will be provided
from release of the flame-dragging spin-down energy SSD in
the form of electromagnetic energy in the Gap, and in the
force-free limit (GN → SN for ∆ω → 0), we assume for the
moment that we need not worry about the hole’s gravity on
the Gap as far as the force-free theory is allowable.
9 THE EIGEN-MAGNETOSPHERE
9.1 The “boundary condition” for ΩF again
For an viable force-free magnetosphere we have referred
to the condition by which to determine the eigenfunction
ΩF(Ψ) for the potential gradient and the location of it as
the “boundary condition”, distinguishing from the critical-
ity condition for another eigenfunction I(Ψ). The situation
seems to be much more complicated than for the force-free
pulsar magnetosphere, which consists of magnetic fluxes em-
anating from the rotating magnetised NS. For the latter it
is usually taken for granted that ΩF is given at the NS sur-
face SNS as the surface angular velocity ΩNS, and hence the
“ΩF problem” will not be an eigenfunction problem (see sec-
tion 2.2). For the Kerr hole’s force-free magnetosphere, on
the other hand, if we had to consider that the force-free
condition does not break down anywhere in the force-free
magnetosphere just as in the original BZ process, we could
not reach the unique procedure on where and how ΩF should
be determined (see section 3.2).
As we have seen so far, the coupling of frame-dragging
with unipolar induction unequivocally break down the force-
free and freezing-in conditions, leading to indispensable Con-
straints in (6.1) at the null surface SN, which will evolve to
the Gap GN with widened Constraints (8.1). These may be
summarised as the “pinning-down condition” for field lines
treading the Gap GN filled with the ZAMPs.
We have adopted a primitive form given in equation
(8.3) for I(ΩFω,Ψ), in which I(out) and I(in) = −I(in) are given
in equations (7.1) and (7.5) by the criticality condition in the
resistive membranes, Sff∞ and SffH. Here important is one of
the Constraints, (I)G = 0, in the Gap GN (see Figure 3). Also
important is the fact that ΩF = ωN remains still unknown.
In order to determine the final eigenfunction ΩF(Ψ) = ωN in
terms of ΩH, one must formulate the “boundary condition”
rightly, with Constraints (6.1) or (8.1) appropriately taken
into account at the place of the Gap GN. The“boundary con-
dition” must include the means of determining the place of
the null Gap GN, i.e., ω = ΩF ≡ ωN, because the Constraints
per se do not contain any condition leading to determination
of the eigenfunction ΩF(Ψ).
The key condition is naturally the conservation of an-
gular momentum within the Gap with Constraints (SJ)G =
(I)G = (v)G = 0 in |ΩFω | <∼ ∆ω, thereby maintaining the
zero-angular-momentum-state of the Gap, and hence we
have to use the continuity of the angular momentum flux
[SJ]G = [I]G = 0 as the “boundary condition” for ΩF, that
is, under the Major Premise of [Bp]G = 0 and (Bp)G , 0, we
impose no discontinuity between I(in) and I(out) across GN,
i.e.,
[I]G = I(out)(Ψ) − I(in)(Ψ) (9.1a)
= I(out)(Ψ) + I(in)(Ψ) = 0. (9.1b)
The first expression (9.1a) shows that the transport rate of
positive angular momentum at SG(in) must be equal to that
at SG(out), and the second one (9.1b) shows that the outward
rate of positive angular momentum is equal to the inward
rate of negative angular momentum (see Figure 3). Both
expressions of the boundary condition for ΩF are indispens-
able to keep the zero-angular-momentum-state of the Gap.
The “boundary condition” (I)G = [I]G = 0 ensures that the
outward flux SJ,(in) in the inner domain is equal to the flux
SJ,(out) in the outer domain across the Gap with (SJ)G = 0,
thanks to the “zero-angular momentum” state of the Gap,
despite that no flow of angular momentum, positive nor neg-
ative, do not take place in the Gap. Thus the same form for
the energy-angular momentum fluxes SE = ΩFSJ as that in
the pulsar force-free magnetosphere still holds except but in
the Gap (see Figure 4).
9.2 The final eigenfunctions
From equations (7.1), (7.5b) and (9.1) we have
ΩF(Ψ) = ωN = ΩH1 + ζ , (9.2a)
I = I(out) = I(in) = −I(in) =
ΩH
2(1 + ζ) (Bp$
2)ffH, (9.2b)
ζ = (Bp$2)ff∞/(Bp$2)ffH (9.2c)
(O09; O12a; O15a). Note that according to our Major
Premises (section 4), (Bp)G , 0 and [Bp]G = 0, and hence
(ΩF)G , 0 and [ΩF]G = 0, but (ΩFω)G = [ΩFω]G = 0 (cf.
equation (10.4a)) and (I)G = [I]G = 0 across the Gap GN.
It is in reality the “zero-angular-momentum” state of
the Gap that makes it possible to use condition (9.1) as
the “boundary condition” for ΩF even in the finite value of
∆ω (see section 8 and Figure 3). Conversely, the “bound-
ary condition” (9.1) is necessary to ensure the “zero-angular-
momentum” state of the Gap.
As seen so far, when (Bp)G , 0, the genetic null surface
SN splits the “force-free” magnetosphere into the two do-
mains, by breaking the force-free condition down, and hence
( j)G = (Bt)G = (I)G = (v)G = 0 from equation (8.1). These
Constraints imply that no transport of angular momentum
by the magnetic field is possible, i.e., (SJ)G = 0, and these in-
dicate disconnection of current-streamlines between the two
force-free domains, by the necessity of the current-particle
sources as well as the EMFs in the Gap. It is ensured in
equation (9.1) that the ZAMPs pair-produced in |ΩFω | <∼ ∆ω
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connect and equate both I(out) and I(in) across GN, despite
(v)G = (I)G = ( j)G = 0.
When the field structure allows [Bp]G = 0 and (Bp)G , 0
to hold under the Major Premise (see section 4 and Figure
3), the boundary condition (9.1) ensures that the flow of
energy-angular momentum is continuous beyond the zero-
angular-momentum Gap GN. The efficiency of extraction
(BZ77) is given by
 =
ΩF
ΩH
=
1
1 + ζ
. (9.3)
When the plausible field configuration permits us to put
ζ ≈ 1 and hence  ≈ 0.5, one has from equations (7.15),
(7.16) and (7.17)
ΩF ≈ (ΩH −ΩF) ≈ 12ΩH, (9.4a)∮
αSEM · dA

ff∞
≈ −
∮
αSEM · dA

ffH
≈ 1
2
∮
αSSD · dA

ffH
, (9.4b)
c2
 dMdt  ≈ TH dSdt ≈ 12 ΩH dJdt  . (9.4c)
The above procedure of putting I(in) = I(out) and ζ ≈ 1 is
essentially the same as that from the induction-impedance
matching between the two resistive membranes (see sections
3.2 and 10).
10 A MODIFIED BLANDFORD-ZNAJEK
PROCESS: THE TWIN-PULSAR MODEL
It has been thought so far that the “BH-driven hydromag-
netic flow” consists of the out- and in-going winds (BZ77;
Blandford 1979; Phinney 1983a). Just as the outflow (v =
j/%e > 0) smoothly passing through the outer light surface
SoL is due to the magnetic slingshot effect associated with
ΩF, the inflow (v = j/%e < 0) smoothly passing through the
inner light surface SiL must be due to the same magnetic
slingshot effect, associated with (ΩH − ΩF), but in order for
inflow to be blown magneto-centrifugally inward, the field
lines will have to rotate inversely, i.e., with −(ΩH − ΩF).5
That is to say, the virtual magnetic spin axes must be in-
verse each other at the particle source. The difference of the
two angular velocities is then [ΩFω]N = ΩH (see equation
(7.17) or (10.4)).
Because the frame-dragging effect has unfortunately not
been taken into account properly so far, it seems however
that the BZ process has been forced to be based upon the
single-pulsar model with such a rather fragile foundation
as negligible violation of the force-free condition; the vac-
uum state is supposedly created by the inflow by the hole’s
gravitational pull and the centrifugal outflow, and conse-
quent breakdown of the vacuum leads particle production
5 In the case of treating full magnetohydrodynamic theory of
BH winds, not only the outflow but also the inflow must pass
smoothly through respective three critical points; slow, intermedi-
ate and fast magnetosonic surfaces (Weber & Davis 1967; Michel
1969; O78; KFO83; Punsly & Coroniti 1990; O99). In the force-
free theory, the last two surfaces reduce to SoL, SiL and SoF, SiF,
although the slow surface is usually neglected.
discharges to supply particles for both inflow and outflow.
Also the energy-angular momentum flux relation SE = ΩFSJ
seemed to directly indicate that the GJ mechanism was ap-
plicable, that is, the single-pulsar model was the case (sec-
tion 3).
On the other hand, inevitable breakdown of the force-
free condition in a singular surface SN necessarily divides
the force-free magnetosphere distinctly into the two force-
free domains with the inductive membrane in-between, that
is to say, the twin-pulsar model is the case, consisting of
a normal outer pulsar-type domain Dout with ΩF and an
anti-pulsar-type domain Din with −(ΩH −ΩF), separated by
the Gap filled with zero-angular-momentum-particles pair-
created. The first law of thermodynamics can rightly be in-
corporated to the twin-pulsar model. As contrasted with the
single-pulsar model based on the BZ process, we have so far
referred to the process based on a modified BZ process with
an extended Membrane Paradigm as the twin-pulsar model.
10.1 “Rotational-tangential discontinuity”
It seems that coexistent inside the magnetised zero-angular-
momentum-Gap are effectively two halves of virtual mag-
netised NSs spinning reversely each other packed together,
threaded by the poloidal field (Bp)G , 0 with no toroidal
component (Bt)G = 0, and yet (Bp)G is pinned down in the
ZAMPs in the Gap. The null surface SN between the two
virtual stars then constitutes a“rotational-tangential discon-
tinuity”, as argued in the following.
As seen already, breakdown of the force-free and
freezing-in conditions lead to Constraints (6.1), and
(ΩFω)N = (v)N = ( j)N = ($Bt)N = (I)N = 0 requires seem-
ingly an abrupt disconnection of the two wind-current sys-
tems in the two force-free domains Dout and Din, with the
two EMFs of opposite signs and the resulting voltage drop
∆V = [E]N ∝ ΩH at SN, as seen in equations (7.18a,b) and
(7.19). This is originated from a continuous variation of the
gravito-potential gradient ΩFω(`,Ψ) along each current-field-
streamline extending continuously from near SH to near S∞,
and yet calculation of Faraday path integrals along the two
circuits Cout and Cin in equations (7.18a,b) reveals the po-
tential drop between the EMFs for the two circuits, as if ω
were such a step function ω¯ as
ω¯ =

0 ; Dout (ΩFω >∼ ∆ω),
ΩF ; GN (|ΩFω | <∼ ∆ω),
ΩH ; Din (ΩFω <∼ −∆ω),
(10.1)
and likewise ΩFω and vF are also replaced by following step-
functions, i.e., ΩFω ≡ ΩF − ω¯ and vF = ΩFω$/α;
ΩFω =

ΩF ≡ (ΩFω)(out) ; Dout (ΩFω >∼ ∆ω),
0 ≡ (ΩFω)(G) ; GN (|ΩFω | <∼ ∆ω),
−(ΩH −ΩF) ≡ (ΩFω)(in) ; Din (ΩFω <∼ −∆ω)
(10.2)
(see equation (8.3) and Figure 3), and
vF =

ΩF$/α ; $ >∼ $N + ∆$,
0 ; |$ −$N | <∼ ∆$,
−(ΩH −ΩF)$/α ; $ <∼ $N − ∆$
(10.3)
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Figure 4. A diagram showing the energy fluxes in the pseudo-flat space (cf. Figure 1); SEM = ΩFωSJ, and SSD = ω¯SJ, where ΩFω = (ΩF−ω¯)
[see section 10.2 and equations (10.1), (10.2), (10.6) and (10.7)]. Relation (7.15) shows that it is the frame-dragging spin-down energy
flux SSD,(in) that supplies the rotational energy extracted by exerting the Lorentz surface torque in the stretched horizon SffH to the
magnetised Gap at GN, where the spin-down energy flux is shared between the outgoing and ingoing Poynting fluxes SEM,(out) > 0 and
S
(in)
EM < 0. A simple identity ΩH = ΩF − [−(ΩH −ΩF)] explains this energetics (see equation (7.17b)).
where $N is obtained by solving ω($,Ψ) = ΩF(Ψ), and ∆$
is related with ∆ω.
It will then be helpful to introduce a virtual pseudo-flat
space (O15a), in which it is ΩFω that the ZAMOs circulating
with the above step-function ω¯ observe for the FLAV. Then,
ΩFω will satisfy the iso-rotation law in each domain, Dout or
Din. The outer domain Din behaves as if it were a rapidly
spinning NS with (ΩFω)(out) = ΩF, and the inner domain
Din behaves as if it were a reversely and similarly rapidly
spinning NS with (ΩFω)(in) = −(ΩH −ΩF), and then each half
of the two stars were attached with the Gap of (ΩFω)(G) = 0
in-between.
Then, from equations (6.1), (7.17), (10.1) and (10.2) we
have
(ΩFω)G = 0, [ΩFω]G ≡ ∆(ΩFω) = ΩH. (10.4a)
(vF)G = 0, [vF]G = ΩH$N/α. (10.4b)
The related electric field Ep and its discontinuity at GN
become
Ep = − ΩFω2piαc∇Ψ, (10.5a)
[Ep]G = −[ΩFω]G2piαc ∇Ψ = −
ΩH
2piαc
∇Ψ. (10.5b)
Utilizing expressions (10.2) and (10.5a), we have the same
results for Eout, Ein in Faraday path integrals along the
circuits Cout, Cin as given in expressions (7.18a,b). The
frame-dragging effects through the gravito-potential gradi-
ent ΩFω(`,Ψ) in curved space are reproduced through ΩFω
in the pseudo-flat space.
The null surface SN or Gap GN may be thought of as
a new kind of rotational-tangential discontinuity of the spin
rates of the virtual magnetic rotators for the outer pulsar-
type wind and inner anti-pulsar-type wind, coexistent back-
to-back in-between. By the “boundary condition” for ΩF
(see section 9), the rate of angular momentum transport
is equal across the null surface GN, as (I)G = [I]G = 0 show
in equations (8.1a) and (9.1), but importantly (ΩFω)G = 0
and [ΩFω]G = ΩH as shown in equation (10.4) are the key
relation leading to understanding the present twin-pulsar
model in terms of the rotational-tangential discontinuity, be-
cause the widening from SN to GN with a finite ∆` or ∆ω
will be a realisation of a kind of relaxation of rotational-
tangential discontinuity due to e.g., pair-particle production
by the voltage drop ∆V = [E]N ∝ [ΩFω]N = ΩH. The null
surface SN, infinitely thin in the force-free limit will de-
velop to the non-force-free magnetised Gap, GN of a finite
half-width ∆ω, filled with “zero-angular-momentum parti-
cles” (ZAMPs) of finite inertia, pair-produced with the volt-
age drop ∆V(section 8). Thus some of important questions
remaining will be how to determine the Gap width ∆` or ∆ω
in terms of ΩH, the seed magnetic field Bp, etc.
This new rotational-tangential discontinuity in the
general-relativistic setting is obviously distinct from ordi-
nary tangential or rotational discontinuities in classical mag-
netohydrodynamics (see e.g. $70, Landau et al. (1984)).
Then, the present gap model with a pair of batteries and
a strong voltage drop is fundamentally different from any
existing pulsar outer-gap model for a charge-starved magne-
tosphere (O15a).
10.2 Discontinuities of energy fluxes in the
pseudo-flat space
When we consider the widened Gap GN in the pseudo-flat
space around the Kerr hole, with ω and ΩFω replaced by
step-functions ω¯ and ΩFω in equations (10.1) and (10.2),
the related energy fluxes SEM and SSD are also replaced with
step-functions SEM and SSD, i.e.,
SEM = ΩFωSJ, SSD = ω¯SJ (10.6)
(see Figure 4; O15a). When by the boundary condition in
equation (9.1) I(out) = I(in) = −I(in) > 0 and SJ,(out) = SJ,(in) =
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−S(in)J = SJ > 0 (see sections 8 and 9), we compute the dif-
ference of the Poynting flux of SEM launched in both ways
from the Gap from equations (7.17) and (10.6)
[SEM]G = (SEM)(+)G − (SEM)
(−)
G = [ΩFω]GSJ = ΩHSJ (10.7)
and also the difference of the frame-dragging spin-down en-
ergy flux
[SSD]G = [ω¯]GSJ = −ΩHSJ (10.8)
and hence
[SE]G = [SEM + SSD]G = ΩF[SJ]G = 0. (10.9)
Despite that there are the jumps proportional to [ΩFω]G =
ΩH in the EMFs, i.e., [E]G = ∆V and non-conserved energy
fluxes SEM, SSD, the “total” energy flux SE and the angular
momentum flux SJ have no discontinuity in the Gap, GN.
The energy fluxes in the curved space with ω and ΩFω(ω,Ψ)
are thus reproduced by those in the pseudo-flat Space with
ω and ΩFω(ω,Ψ). Thanks to presence of the zero-angular-
momentum Gap and yet despite SE = SJ = 0 in there, it
seems that the same relation SE = ΩFSJ as that in the pulsar
force-free magnetosphere holds in the Kerr hole force-free
magnetosphere.
Figures 4 and 5 show that the pulsar-type wind is slung
outwardly from the outer magnetic rotator spinning with
(ΩFω)(out) = ΩF through the outer domain Dout, in which
the related Poynting flux SEM is equal to ΩFSJ,(out) with
no frame-dragging spin-down energy flux, whereas the anti-
pulsar-type wind is slung conversely inwardly from the in-
ner magnetic rotator spinning with (ΩFω)(in) = −(ΩH − ΩF)
through the inner domain Din, in which the frame-dragging
spin-down flux is SSD,(in) = ΩHSJ,(in) > 0 and the Poynting
flux is S
(in)
EM = (ΩH −ΩF)S
(in)
J < 0. A mechanism directly anal-
ogous to Goldreich & Julian (1969) is certainly applicable to
the outer domain Dout, but a mechanism anti-analogous to
Goldreich & Julian (1969) is also applicable to the inner do-
main Din. It is the zero-angular-momentum Gap covered by
inductive membrane GN that partitions the force-free mag-
netosphere off into the two domains with oppositely directed
winds and Poynting fluxes.
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11 DISCUSSION AND CONCLUSIONS
11.1 Summary and Discussion
(i) When we think of a pulsar magnetosphere under the
force-free and freezing-in conditions (5.9) in flat space, it
has no characteristic length or surface from the origin to
S∞ except the light surface SL at $L = c/ΩF. This means
that there is no explicit place indicating the breakdown of
the force-free condition and to impose the “boundary condi-
tion”to determine ΩF in the force-free domain. Therefore the
“force-free theory” never detects the place of its breakdown
within itself. Fortunately however, for the force-free pulsar
magnetosphere, we will be allowed to presume the existence
of a rotating, magnetised NS, the field lines emanating from
which constitutes the backbone of the magnetosphere and
along which energy and angular momentum are capable of
flowing outwardly. The relation between the two fluxes are
given by SE = ΩFSJ, where ΩF is given by the “boundary
condition”, ΩF = ΩNS at SNS. There is no reason nor neces-
sity of seeking breakdown of the force-free condition within
the force-free domain, because the presence of the NS will be
more than equivalent to assuming breakdown of the force-
free condition (e.g. (I)NS = 0) within S<∼SNS.
When we think of a Kerr hole force-free magnetosphere,
formally the same conditions (5.9) is applicable, and one has
apparently the same relation SE = ΩFSJ for the fluxes. But
the differences from the pulsar, coming from the αω mech-
anism (O92), are enormous; at first, the magnetosphere is
trapped in the gravitational potential well (0 < α ≤ 1), with
the event horizon at the inner edge (α = 0), i.e., a surface
of causal discontinuity SH, and one of our Major Premises
is no-threading of it by the poloidal field lines Bp. The hori-
zon SH is covered by the stretched horizon (TPM86) SffH
interfacing with the force-free domain Din, and the FDAV
ω bridges SH between thermodynamics and electrodynam-
ics. Important is the fact that the stretched horizon SffH is
not an inductive membrane, but a resistive membrane termi-
nating the inner force-free domain similarly to the force-free
infinity surface Sff∞ terminating the outer force-free domain.
That is to say, the stretched horizon is distinctly different
from the inductive surface of a magnetised NS, and just the
resistive membrane must be described by the first and sec-
ond laws of thermodynamics. It is the frame-dragging effect
that shows real ability and speciality, more than making up
for overcoming conundrums resulting from the presence of
the event horizon. By coupling with unipolar induction, the
frame-dragging gives rise to breakdown of iso-rotation of the
ZAMO FLAV ΩFω , thereby breaking down of the force-free
and freezing-in conditions, to lead to creation of the null
surface SN or the Gap GN.
(ii) The BZ process and the Membrane Paradigm (BZ77;
MT82; TPM86) were constructed essentially without con-
sulting with the Constraints stemming from breakdown of
the force-free and freezing-in conditions at the null surface
SN by the frame-dragging effect (see equations (6.1) and
(8.1)). Then, this combined with overlook of the role played
by two components of the total energy flux SE, i.e., SEM
and SSD and hence their connection to the first law, thereby
inducing the dubbed question of causality (see e.g. Punsly
& Coroniti (1990); Blandford (2002)). One simple identity
ΩF = (ΩF − ω) + ω behind relations SE = SEM + SSD = ΩFSJ
clarifies why the frame-dragging effect disappears in the to-
tal flux SE, which may explain the overlooking importance of
the two components of the total energy flux and in particu-
lar, the meaning of SEM
>=< 0 for ΩFω <=> 0. These may have led
to the onset of the question of causality and the beginning of
the subsequent nearly three decades of confusion and stag-
nation. From the 1980s until quite recently it seems to have
been thought that no breakdown of the force-free (and also
freezing-in) condition takes place in the “force-free” mag-
netosphere, and energy and angular momentum can indeed
be extracted by a mechanism directly analogous to that of
Goldreich & Julian (1969), with a negligible violation of the
force-free condition (BZ77; MT82). A Kerr hole must then
have been regarded as being magnetised and behaving as a
battery with an internal resistance as well as an emf (Bland-
ford 1979). MT82 and TPM86 have indeed tried to justify
these statements (see sections 3 and 4).
In reality, all the necessary concepts and expressions,
including additional physics pointed out by Punsly &
Coroniti (1990), have been incorporated already in BZ77;
MT82; Phinney (1983a); TPM86, but have unfortunately
not utilised fully so far in all references including O15a;
O15b. We refer to the “gravito-thermo-electro-dynamic pro-
cess”, including the results inevitably coming from Con-
straints at SN or GN and the two fluxes SEM and SSD and the
first law of thermodynamics, as a modified BZ process, and
also to the paradigm with the three, resistive and inductive,
membranes as an extended Membrane Paradigm.
The modified BZ process with the extended Membrane
Paradigm predicts that the Constraints produced by break-
down of the force-free and freezing-in conditions at SN
lead to development of the magnetised Gap GN filled with
ZAMPs. The “boundary condition” at GN, [I]G = (I)G = 0,
allows a determination of the eigenvalue ΩF = ωN. The mag-
netised zero-angular-momentum Gap behaves like twin NSs
with respective EMFs launching magneto-centrifugal winds
both outwardly and inwardly (section 8).
(iii) The environment around a Kerr BH is distinctly dif-
ferent from that around a magnetised NS, in that a Kerr
hole per se cannot be “magnetised”, prohibited by the no-
hair theorem, and hence no field lines in the magnetosphere
are anchored in the horizon. It is the coupling of the FDAV
ω with the FLAV ΩF that nevertheless enables a Kerr hole to
construct a “force-free” magnetosphere, with the null surface
SN or the Gap GN fairly above the horizon, i.e., at ω ≈ 0.5ΩH,
and the “non-force-free” magnetised Gap is constructed in-
between the two force-free domains, and filled with ZAMPs
pair-created to pin down the threading poloidal magnetic
field Bp with ΩF = ωN. This conversely ensures the mag-
netisation of the Gap, and the magnetosphere as a whole is
frame-dragged by the hole rotation. This view is contrary
to the statement “magnetic field lines which thread the hole
will be dragged into rotation with roughly half of the angular
velocity of the hole...” (MT82).
The hole’s two membranes Sff∞ and SffH are fundamen-
tally resistive, to determine eigenvalues I(out) and I(in) by
inertial loads there and hence cannot be inductive, whereas
the magnetised Gap GN must be inductive, and never re-
sistive, to determine the final eigenfunction ΩF, because
(I)G = (Bt)G = 0 [see e.g. equations (6.1b)], and then unipo-
lar induction can be at work there, accommodating a pair of
batteries with each EMF, and yet with a huge voltage drop
∆V = −(ΩH/2pic)∆Ψ across the Gap, which will pair-produce
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Figure 5. A twin-pulsar model with three membranes in pseudo-flat space with ΩFω (see equation (10.2)). The two magnetospheres
are anti-symmetric each other with respect to the inductive membrane GN; the outer domain Dout behaves like a normal pulsar-type
magnetosphere with the FLAV (ΩFω )(out) = ΩF and the inner domain Din does like an “abnormal” anti-pulsar-type magnetosphere with the
FLAV (ΩFω )(in) = −(ΩH − ΩF). The magnetised Gap in |ΩFω | <∼ ∆ω at (ΩFω )G = 0 where (Ep)G = (SEM)G = (SSD)G = (SJ)G = (j)G = (v)G = 0
may be an inevitable product of breakdown and widening of the rotational-tangential discontinuity (see section 10.1), and indeed it will
be a future challenge to elucidate how this happen: The inductive membrane GN is equipped with virtual oppositely-directed magnetic
spin axes and a pair of related batteries with EMFs at SG(out) and SG(in). Steady pair-production mechanism due to the voltage drop
∆V will take place, to supply ZAMPs with %e ≈ 0, dense enough to anchor threading field lines, thereby ensuring them ΩF = ωN. The
magnetosphere is “frame-dragged” with the angular velocity ωN = ΩF. The batteries have no internal resistance, but supply electricity to
such external resistances as Joule heating leading to particle acceleration and entropy production in the resistive membranes Sff∞ and
SffH.
ZAMPs, to widen the null surface SN to the membrane GN
with an finite width ∆ω, and associated two EMFs drive
electric currents through the outer and inner non-resistive
force-free domains to the resistive non-force-free membranes
Sff∞ and SffH.
When the total available gravito-electric potential gradi-
ent ΩH is shared between (ΩFω)(out) = ΩF for the outgo-
ing wind and (ΩFω)(in) = −(ΩH − ΩF) for the ingoing wind,
the difference in the spin rate of the outer virtual magnetic
axis with ΩF from that of the inner virtual magnetic axis
with −(ΩH − ΩF) is [ΩFω]G = ΩH, and makes such a kind
of rotational-tangential discontinuity as in the voltage drop
[E]G = ∆V ∝ ΩH (see Table 2, Figure 4, section 10.1). In
the relationship to the first law, ΩH corresponds to the term
ΩH(dJ/dt) of the first law, ΩF to the term (−c2dM/dt) and
−(ΩH − ΩF) to TH(dS/dt). Expression (7.17b) explains the
voltage drop between two EMFs existent back-to-back at
both sides of the Gap [see equation (7.19)]. Note that the
efficiency of extraction,  = ΩF/ΩH (BZ77), is however not
yet determined, and indeed  must be given by solving the
eigenvalue problem due to the criticality-boundary condi-
tions which come from termination-breakdown of the force-
freeness (see section 9). Also to elucidate “how and where
to share” the extracted energy, a twin-pulsar model may be
helpful (see sections 8∼10).
(iv) It will not be an unlikely scenario in the after-effect
of GW170817 (Abbott et al. 2017) that two strongly mag-
netised, rapidly spinning NSs had collided, merged, and led
to the birth of a rapidly rotating Kerr BH due to the total
angular momentum almost conserved, but magnetic fluxes
of the two stars was completely dissipated away so that a
new-born stellar-sised Kerr hole will not be magnetised, un-
able to anchor remnant magnetic fluxes. But if fortunately
those fluxes from the two magnetospheres of the two col-
lided stars have survived in the potential well of the Kerr
hole, then the αω mechanism by the hole will be at work
and may allow survived magnetic fluxes anchored in the
zero-angular-momentum-Gap to form an active and vivid
magnetosphere with the central engine at the magnetised
Gap GN with ωN = ΩF. In the steady axisymmetric state
soon reached, the Kerr BH will manage to drive a magne-
tospheric central engine fuelled by the spin-down energy by
means of the frame dragging effect, to launch outflow as well
as inflow, and the former may in due course be observed as
high-energy gamma-ray jets. The heart of the central engine
lies in the magnetised Gap above the horizon.
11.2 Conclusions
Not to mention, Kerr BHs are thermodynamic objects, and
hence all phenomena related to Kerr holes, in particular,
the electrodynamic extraction of energy, must comply with
the first and second laws among the four laws of thermody-
namics. This means that electrodynamics must be unified by
some way or another with thermodynamics. It is indeed the
frame-dragging effect by ω that bridges the event horizon
at α = 0 between (BH) thermodynamics and (pulsar) elec-
trodynamics. To overcome various restrictions due to the
presence of the horizon of causal disconnection, by making
full use of the frame-dragging effect, the Kerr hole manages
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to construct an exquisite system of unipolar induction at
work in the magnetised zero-angular-momentum Gap. The
poloidal field Bp of the hole’s magnetosphere is anchored
in the ZAMPs successively pair-created by the voltage drop
between a pair of EMFs in the Gap, circulating around the
hole with ωN = ΩF. The outgoing Poynting flux SEM,(out)
launched from the Gap will grow in the outer semi-classical
domain Dout to a large-scale, high-energy jet as α → 1 and
ω → 0 (O15b). It is however not before indispensable Con-
straints at the null surface SN or the Gap GN resulting from
the coupling of the frame-dragging effect with unipolar in-
duction are fully taken into account that we can construct
a viable “force-free” Kerr hole magnetosphere on the sturdy
backbone of the poloidal field Bp.
The crux of the present matter can be summarised as
follows: The kick-off relation (5.2) for E in Kerr spacetime,
which unequivocally contains the frame-dragging angular
frequency ω, combines with the freezing-in condition (5.9b),
to yield important relations (5.17c,a) for ΩFω and Ep, un-
der the Major Premise of the iso-rotation law ΩF = ΩF(Ψ)
with (Bp)G , 0. Also, the combination of the kick-off rela-
tion with the force-free condition (5.9a) results in another
integral constant I = −$αcBt/2 = I(Ψ). Then Constraints
(ΩFω)G = (Ep)G = 0 at GN strongly reacts back to not only
the freezing-in condition but also the force-free condition,
resulting in breakdown of both conditions at the Gap GN.
Breakdown of the former leads to (v)G = 0 and hence to v >=< 0
for ΩFω
>=< 0, indicating that pair-produced particles with the
voltage drop in the Gap must be ZAMPs, while that of the
latter leads to ( j)G = 0, but keeping the same sign across
GN. This demonstrates existence of such a jump of I(ΩFω,Ψ)
from I(in)(Ψ) to I(out)(Ψ) across the Gap of I(ΩFω,Ψ) = 0 in
|ΩFω | <∼ ∆ω, indicating no transport of field angular momen-
tum (see equation (8.3) and Figure 3). The “zero-angular-
momentum” state of the Gap with the “boundary condition”
[I]G = 0 allows nevertheless not only the smooth flow of an-
gular momentum and energy from the hole beyond the Gap,
as shown by a simple relation SE = ΩFSJ, but also determi-
nation of the final eigenfunction of ΩF in terms of the hole’s
gravito-electric potential gradient ΩH.
It appears then that taking Constraints (6.1) or (8.1)
into account at the null surface SN or Gap GN promote
a kind of paradigm shift in BH astrophysics: From the
single-pulsar model based on the BZ process to the twin-
pulsar model based on the modified BZ process. We need no
longer to rely on the concept “magnetic field lines threading
and anchored in the horizon”, and we may instead consider
“poloidal magnetic field lines not only threading but also
pinned down in the ‘zero-angular-momentum’ Gap”.
If observed large-scale high-energy γ-ray jets from
AGNs are really originated from quite near the event horizon
of the central super-massive BH, it seems to be plausible that
these jets are a magnificent manifestation of collaboration of
relativity, thermodynamics and electrodynamics; more pre-
cisely speaking, frame dragging, the first and second laws,
and unipolar induction. The heart of the BH central engine
will be resident in the Gap between the two outgoing and
ingoing wind domains. Confirmation of this postulate awaits
further illumination of Gap physics. Some of the key ques-
tions left to solve will include:
(i) When we assume the gravito-potential gradient ΩH
and the strength of Bp in the Gap (e.g. from observation),
how efficiently does the voltage drop due to the rotational-
tangential discontinuity of EMFs, ∆V = [E]G, contribute to
particle production for various purposes? How large must
the optimal value of ∆ω be to not only provide neutral
plasma particles with %e ≈ 0, being charge-separated to both
the outflow and inflow in the force-free domains, but also pin
to down poloidal field lines onto the pair-created plasma to
ensure ΩF = ωN within the Gap?
(ii) While the force-free, field-dominated, domains Dout
and Din are filled with the “force-free” or “massless” parti-
cles, the Gap in-between will be regarded as the extreme-
opposite, i.e., matter-dominated. That is to say, pair-
produced ZAMPs will acquire the rest mass energy domi-
nating the field energy, to be able to anchor the poloidal
field Bp and ensure ΩF = ωN. Then if the ZAMPs are mas-
sive, they will not be free from the hole’s gravitational and
tidal forces. Then how are the ZAMPs in the Gap able to be
sustained against gravity from the hole? Or can we neglect
the gravitational force by the hole on the ZAMPs dragged
by the hole’s rotation into circulation around the hole?
(iii) The pinning-down condition of the poloidal field Bp
by the ZAMPs pair-produced in the Gap will yield complete
magnetisation of the plasma to ensure field lines to possess
ΩF = ωN. Then, how much density of ZAMPs is needed for
pinning-down? Given the voltage drop ∆V = [E]G as the
difference of a pair of EMFs, how large is the Gap width
∆ω = |∂ω/∂` |∆`?
Tackling these questions are out of the scope of the present
work.
It will be worth-while reiterating that a complete theory
to elucidate the frame-dragging effect on BH electrodynam-
ics has been formulated by MT82; TPM86, already three
decades ago, but it regrettably lacked the finishing touches
to make their application of it to the BZ process perfect.
Anyway, the secret of the magnetised Gap, its structure,
etc. are waiting to be unveiled as one of the ultimate central
engines in the universe (O15b).6
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